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Cac dién dan :
www.dangthuchua.com , www.math.vn , www.mathscope.org , www.maths.vn ,www.laisac.page.tl,
www.diendantoanhoc.net, www.k2pi.violet.vn , www.nguyentatthu.violet.vn, ...

Pé thi HSG Qudc Gia, Dé thi HSG cac Tinh - Thanh Phé trong nwéc, Pé thi Olympic 30-4
B6 sach : Mot s6 chuyén dé boi dwéng hoc sinh gioi (Nguyén Vin Mau - Nguyén Vin Tién )
Tap chi Toan Hoc va Tuéi Tré

Bo sach : CACPHUO'NG PHAP GIAI ... ( Trin Phwong - Lé Hong Pirc )

B sach : 10.000 BAI TOAN SO’ CAP (Phan Huy Khai)

Bo sach : Toan nang cao ( Phan Huy Khai )

Giai TOAN HINH HOC 11 ( Tran Thanh Minh )

Sang tao Bit ddng thirc (Pham Kim Hung )

Bit ding thirc - Suy luan va kham pha (Pham Vin Thuan )

Nhitng vién kim cwong trong Bat ding thirc Toan hoc ( Tran Phwong)

340 bai toan hinh hoc khéng gian ( I.F . Sharygin )

Tuyén tap 200 Bai thi V6 dich Toan ( Pao Tam )

... va mot s tai liéu tham khao khac.

Ch1 y : Nhitng dong chivr mau xanh chira cac dwong link dén cac chuyén muc hoic cac website.
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2 Phin I: PHUONG TRINH - BPT - HPT - CAC BAI TOAN LIEN QUAN P EN PAOHAM

PHAN I: PHUO'NG TRINH - BPT - HE PT VA CAC BAI TOAN LIEN QUAN PEN PAO HAM
1. Tim cac gidtr cua tham s6 m d€ham s6: y=-2x+2+mvx* —4x+5 cé cucdai. bPS:m < -2

2. Chohamsé: f(x)= {,1+xsm x-1,x#0 . Tinh dao ham ctia hdm sd tai x = 0 va chirng minh ham s6 dat cuc tiéu
,x=0
tai x=0.
3. Tim cyc tri ciaham sé : y=f(X):\/|X|(X—3).DS:X=0;X=1

Xac dinh cac gia tri cia tham s6 m dé€ cac phwong trinh sau c6 nghém thuec :

a) (4m-3)/x+3+(3m-4)V1-x+m-1=0 PS: L<m<?
v v o7
b) Yx*+1-+x=m.PS: 0<m<1

m(\/1+x2 ¢ +2)=2«/1—x‘* 1+ 1%

X' +y’ =2
5. Xac dinh s6 nghiém ctia hé phwong trinh : y bS:2
log,xlog,y =1
ey2_xz _ X2 +1
6. Giai hé phwongtrinh : y:+1 .DPS: (xy)=(7;7)

3log,(x+2y +6)=2log,(x+y+2)+1
X+Vx*=2x+2=3"+1
y+y -2y +2=3"+1

(1 + 42x—y )lsy—2x+1 _ 22x—y+1 +1

7. Giai hé phwong trinh : {

8. Gidi hé phuong trinh :
+4x+1n y +2x +1=0

9. Giai phwong trinh: x 3 ogi El logs(x 3] —x+2

10. Giai b4t phwong trinh: \/(x+2)(2x 1) 3\/X+6<4 \/(X+6)(2X 1)+3\/X+

N
)
wn

N |-
IA
=3
IA
~

11. Giai b4t phwong trinh: 3v3-2x + —-2x<6

5
V2x-1
12. Giai phuong trinh : 3x(2+\/9x2 +3)+(4x+2)(\/1+x+x2 +1):0

13. Gidi phwong trinh: x* —4x* —5x+ 6 =3/7x* +9x -4
24Xy -y +xX+y =5
.bS: m€|:1;\/§:|
NV5—X+4/1-y=m

15. X4ac dinh m dé phwong trinh sau cé nghiém thyc : (x/;+\/x—1){m\/;+

VX+1+4y+1=
y

x\/y+1+yx/x+1+\/x+1+\/y+1:m

14. Tim m d€ hé phwong trinh sau c6 nghiém : {

1

16. Tim m dé hé c¢6 nghiém: {

. " 2
17. Giasw f(x) = ax3 + bx2 + cx + d (a# 0) datcyc daitai x,;x,. CMR: (x) <l £(x) ,YX# XX,
f'x) 2| f'(x)

18. Choham s8 : f(x)=cos’ 2x +2(sinx + cosx)’ —3sin2x +m . Tim m sao cho f*(x)<36, Vm
19. Trong cac nghiém(x;y) cia BPT : logxZ+yz (x+y) >1.Tim nghiém dé P = x + 2y dat GTLN

20. (P& thi HSG Tinh Nghé An ndm 2009 ) Giai phwong trinh : 2009 ('\/x2 +1- x) =1 .DPS:x=0
21. (Dé thi HSG Tinh Nghé An ndm 2009 ) . Tim m d€ hé phwong trinh sau c6 ba nghiém phan biét:

{( X+y=m m |>3f

y+1)x’ +xy =m(x+1) DS
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3 Phin I: PHUONG TRINH - BPT - HPT - CAC BAI TOAN LIEN QUAN P EN PAOHAM

22. Gainepr | X Y T
e X3—2y3=3(xz—4y2)—4(x—8y)
x* + X’y +9y = yP’x + y*x* +9x
x(yg—x3):7
(4x* +1)x+(y-3)y5-2y =0

4x* +y* +24/3-4x =7

24Xy -y +xX+y =5
25. Tim m d€hé phuong trinh sau c6 nghiém : { Yoy y .bS: me[l;x/gJ

NE=X+41-y=m

26. Xac dinh m d€ phwong trinh sau c6 ngh£m thuec : («/;Jmlx —1){m X +

23. Giai hé phuwong trinh : { bS: (xy)=(1;2)

24. Giai hé phwong trinh : {

x—1

\/1_+4X(x—1)}:1.

3(X+1)2+y—m:0

27. Tim m déhé phuong trinh : { c6 ba cap nghiém phan biét.

X+A/xy =1
X+Vx?—2x+2=3""+Y
Yy -2y+2=3"+1

28. Giai heé PT : {

oY = sinx

siny
29. (Pbé thi HSG Tinh Nghé An nam 2008 ) .Giai hé phuong trinh : {sin2x —cos2y =sinx+cosy —1

1
x,ye| 0;—
2t
30. Gidi phuwong trinh: 16x° —24x>+12x—3=3/x
oV oM

1+ 47757 =220 11

31. Gidi hé phwongtrinh : {matherfatics 4 teacher:
y3+4x+1n(y2+2x)+1:0

32. Giai phwong trinh: 3* =1+x+log, (1+2X)

33. Giai phwong trinh: —2x* +10x* —17x + 8 = 2x*3/5x — x° bs

X5+Xy4:y10+y6
VAx+5+.y* +8=6
VX +2x+22—\Jy =y? +2y +1

Jy 42y +22 —fx =x® +2x +1

2

-y

34. Giai hé phwongtrinh : {

35. Giai hé phwong trinh : {

36. Giai hé phuongtrinh :

37. (Dé thi HSG Tinh Quang Ninh nam 2010 ). Giai phwongtrinh: (5x-6)° — 1 et
X —7 x—1
o 7
Loi giai: DK: x>g
Cdch 1: PT < 6(4x—6)(x—1)+ x -6 —0ex=S
\/(x—l](Sx—7).[\/X—1+«/5x—7} 2
p Tk s iy 2 1 2 1
Cdch 2 : Viétlai phuwong trinh dwéi dang : (5x—6) — =x’-
J5x—-6)-1 Jx-1
NP 2 1 5
Vaxéthamsd: f(t)=t"— ,E>—
Nt-1 7
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4 Phin I: PHUONG TRINH - BPT - HPT - CAC BAI TOAN LIEN QUAN P EN PAOHAM
38. (Dé thi HSG Tinh Quang Ninh nidm 2010 ) Xac dinh tét ca cic gia tri ctia tham s6 m d€ BPT sau c6 nghiém :

x* +3x% —1£m(x/;—\/x—1)3
3
HD: Nhén lién hop dwa vé dang : (\/;+\/x—1) (x*+3x* -1)<m
39. (DPé thi HSG Tinh Quang Binh nim 2010 ). Giai phwong trinh :
X* +3x* +4x+2=(3x+2/3x+1

HD: PT o (x+ 1) +(x+ 1) =(V3x+1) +3x+1  Xéthamss: f(t)=t+1,t>0
40. (Dé thi HSG Tinh Hai Phong nim 2010 ) . Gidi phwong trinh :
22x—1=27x* —27x* +13x -2
HD: PT o (2x-1)+232x—1=3x-1) +2(3x-1) = f(¥2x - 1) =f(3x - 1)
(4x*> +Dx+(y —3)/5-2y =0

4x* +y2 +243-4x =7
HD: Tirpt (1) cho ta: [(2x)* +1].2x :{(NIS—Zy )2 +1}/5—2y =f(2x)=f(y/5-2y)

5—4x?

41. (Peé thi Khéi A - nam 2010 ) Giai hé phwong trinh : {

Hams8: f(t)=(t* + Dt =>f'()=3t? +1>0= 2x=,/5-2y > 4x’ =5-2y >y =

2\2

s j +243-4x=7 ,voéi O§x£% ( Ham nay nghich bién trén khoang) va cé

Thévao (2) tacod: 4x> +(5

nghiém duy nhit: x =%.

«/;+\/§=4
VX+7 +4y+7 <a
T 10m A §Ehe pomghiyfi (Ky] thCaARIDIKIEN x > 9.

HD : Ding trudc baj todn chira tham s6,can leu y dieu kién chit ctia bién khi mudn quy vé 1 bién d€ khdo sat :
4-x =y 20=x<16 .Dit t=+x, t [3;4] vakhdo sit tim Min. DS : a>4+22
y4 —4X + 2xy—2x+4 — 5

2+x’=y*+2)

42. (Dé thi HSG Tinh Nghé An nim 2008 ). Cho hé: { (ala tham s8).

43. Giai hé phuong trinh : {

44. Xac dinh m dé€ bit phwong trinh sau nghiém ding véi moi x: (eSi“" —e+ 1)2 —2e"™ [eSi"X —(e—1)sinx — 1] <1

45. (Dé thi HSG Tinh Thira Thién Hué nim 2003 ). Giai PT : logz+J§[)(2 -2x—-11)= -2x-12)

logZ\/m(x2
46. Dinh gia tri ciam dé phuwong trinh sau c6 nghiém: (4m—3) x+3 +(3m—4)m+ m-1=0
yi _E
47. (Olympic 30-4 lan thi VIII ). Giai hé phwong trinh sau: yr+1
3log,(x+2y +6)=2log,(x+y+2)+1
48. Cac bai toan lién quan dén dinh nghia dao ham :

@ Cho f(x):{(“l)e 'X>0 " rim a a8 ton tai £(0).

—x*—ax+1,x<0

+bsinx, x<0 .
@ Cho F(x)={" CoX TP X=T M ab déton tai £(0).
ax+b+1, x<0
XZ 2
“—Inx-—, x>0 xInx, x>0

F F(x)=1 2 4 va f(x):{ 0 0 .CMR: F'(x)=f(x)
0, ,x=0 -
@ Cho f(x) xac dinh trén R thda man diéu kién : Va>0bitddng thirc sauludn ding VxeR : |f(x+a)-f(x)-al<a’
. Chttng minh f(x) 1 ham hang.

’
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Phin I: PHUONG TRINH - BPT - HPT - CAC BAI TOAN LIEN QUAN P EN PAOHAM

“" Tinhgiéi han: N, =lim

\/ tanx —1 . e —Y1+x

Tinh gi¢i han: N, =lim Tinh gi¢ihan : N, =lim

ol 2sin?x -1 =0 In(1+x%)
_3 3 sin2x __ sinx

Tinh gi¢ihan: N, =lim \/X rxrl \/1+X Tinhgiédihan: N, —lim&——¢

x—0 X x>0 sinx

3 — 2 3f 2

Tinh giéi han: N, =lim 20 2 Tinh gi6i han: N, =lim & V14X

0 sin10x x>0 ln[l +x7)

[ Asin2x 3/ sin3x

Tinh gi¢i han: N, = lim¥S —Y¢ Tinh giéi han: = 11m

x>0 sin4x x>0 %/_ \/_

2%* 3% _cos4x

x>0 \/1 +sinx — \/1 sinx

%" Cho P(x) la dathtc bac n c6 n nghiém phanbiét x ;x,;x,..x . Chrngminh cac dang thirc sau:

PO PUOR) PR,
P(x) Plx) T P(x,)
1 1 1

+ +ot =
P(x) P(,) T P(x,)

a)

b)

&  Tinh cic tongsau:

49. Cacbaitoan lién quan dén cweitri ciaham sés-che -

a)
b)

<)

d)

e)
f)

g)

a) T (x)=cosX+2C0S2X +...+NCOSNX

b) T (x) =1tan§+i2tan12+...+itani
2 2 2 2 2" 2"

¢) CMR: 2.1C +3.2C +..+n(n-1)C" =n(n-1).2"*

d) S (x)=sinx+4sin2x+9sin3x +...+n’sinnx

e) 2x+1 2x+3 2x+(2n-1)

rf%aziuf—emﬁmf c:[ nmx+n)z

a+b)" _a"+b"
<
2
Chirng minh rdngvéi a>3,n>2 ( neN,nchin) thi phwong trinh sau vo nghiém :

(n+1)x"* =3(n+2)x"" +a"* =0

Cho o.eR:a+b>0 . Chitng minh ring : [

2 2 2
N ~ ~ b ~ 7 e A . X X
Tim tham s6 m dé ham s6 sau c6 duy nhat mot cuc tri : y:(m+1){ z} —Bm{ 2}+4m
1+x

1+x

) i XZ Xn XZ Xn

Cho n>3,neN (nlé).CMR: Vx#0,tacod: | 14+xXx+—+..+ 1-X+——..— <1
2! n! 2! n!
Tim cuc tri cia ham so : y:\/x2+x+1+\/x2—x+1
Timadéhamso6: y=f(x)=-2x+avx’+1 c6 cuc tiéu.
Tim m dé ham sé : y:w dat cuc tri tai 3 diém phén biét thudc khoang (o; %“j
mcosx

50. Cacbai toan chirng minh phwo'ng trinh cé nghiém :

a) Cho cacs6 thuc a,b,c,d,e. Chirng minh rdng néu phwong trinh : ax’ +(b+c)x +d+e=0 cé nghiém thyc thudc

ntra khodng [1;+00) thi phwongtinh : ax* +bx® +cx* +dx+e=0 c6 nghiém.

b) Cho phwongtinh: P(x)=x"—-5x*+15x> —x* +3x—7 =0. Chitng minh ring, phwong trinh c6 mot nghiém thuc

duy nhit.
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Phin 11 : PHUONG TRINH HAM VA PA THU'C

1. Timhamso:

a)
b)

2. Timhams6:

3. Timhamso6:

Tim ham s&
<)
d)

5. Tim ham s6

Tim ham s&

PHAN II : PHUO'NG TRINH HAM-PA THU'C

f:R —» R thod man dong thoi cac diéu kién sau :
lim@: 1

x>0 x

f(x+y):f(x)+f(y)+2x2+3xy+2y2, vx,y €R

f:R—>R thod man ditukiénsau: f(x—f(y))="f(x+y™")+f(f(y)+y*")+1, vx,yeR
f:R >R thod mén diu kién sau : f(x+cos(2009y))=f(x)+2009cos(f(y)), vx,y €R

: f:R =R thod man dong thoi cac didu kién sau :

f(X) > e2009x

f(x+y) > f(x).f(y), vx,y €R

: f:R — R thod man diéu kién sau : f(x+y):f(x).ef(y)71, vx,y €R
: f:R — R thod man diéu kién sau : f(x.f(x+y)):f(y.f(x))+x2

(P& thi HSG Tinh Hai Phong nim 2010 ) Timham f:R — R théaman:

f2(x)+ 2yf(x)+f(y) = f(y + f(x)), Vv,x,y €R

rmaie— v i1 C.OoOorm

mathematics 4 teachers n
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Phan 111 : BAT DPANG THU’C VA CU'C TRI

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

PHAN III : BAT PANG THU'C VA CU'C TRI

Cho a,b,ceR:a’*+b’+c?=3.Chitngminh riang : a’b+b’*c+c?a<3

Cho céc s6 thwe khong am a,b,c. Chirng minh rang :

a’b’(a- b)2 +b’c*(b —c)2 +c*a’(c —a)2 >(a —b)2 (b- c)2 (c —a)2
2 2 2 2

Cho céc s6 thic a,b,c. Chitng minh rang : a—+b—+c—+ﬂ LZ ZE(a+b+ c)
b a 4 (2a+b)

Cho céc s8 thuc khong 4m a,b,c thoAman : a+b+c+36abc=2.Tim Max cia: P=a’b’c’

y b 3
Cho 3 s6 thwc dwongtuy y x,y,z. CMR : \/ a +\/ +\/ ¢ <—
a+b b+c c+a \/E
. . (a+b+c)6
Cho a,b,c >0.Tim GTNN ctia: P =
ab’c’®
Cho céc s6 thuc dwongxy,z thdamin: x* +y* +z° =1
2 2 2
CMR : 2x—(y—1z) N 2y —(z—x) N 2z—(x-y)
yZ zX Xy
Cho céc s6 thuc dwonga,b,c. CMR : be + ca + ab <2 the
a+3b+2c b+3c+2a c+3a+2b 6
Cho céc s6 thuc dwong a,b,c. CMR : L + 1 + 1 < L
a’+b’+abc b’+c’+abc *+a’+abc  abc
Cho céc s8 thwc théa man diéu kién : 1 + 1 + L =1.CMR: ab+bc+ca<3

a®+2 b*+2 42
Cho céc s8 thue dwong thoR Handiéukiéh—at TWHC =8 LMRC M T

]11+ t -1-r'.;-|__1: 1“23-2 teachers n
2—-a 2-b 2-c

y+\/z<3\/5

Chox,y,zlé3sc”)thu‘cdwcngtﬁy}'/.CMR:\/ X +\/
X+y

y+z Vz+x 2
2 2 2 2
Cho céc s6 thuc dwong a,b,c. CMR : a—+b—+c—2a+b+c+M
c a a+b+c
1 1 1

Cho céc s8 thwc dwong a,b,c théaman : abc=1.CMR :

3 + 3 + 3 ZE
a’(b+c) b’(c+a) c’(a+b) 2
Cho 3 s0 thwc x,y,z théamin : xyz=1va (x—l)(y—l)(z—l)q&o .CMR:

() () ()

2 2 2
(3a=b+c) +(3b—c+a) +(3C—a+b) >2

Cho a,b,c la cac s6 thuc dwong batky . CMR :
Cho céc s6 thuc dwonga,b,c théaman: a*+b*+c*=1.CMR:
1 1 1
+ +
1-ab 1-bc 1-ca

9
<z
2

Cho céc s6 thuc a,b,c thbaman : a* +b*+c*=9 .CMR : 2(a+b+c)<10+abc
a’ b’ c 1
2t 2t 727
(1-a) (1-b) (@[@-c) 4
(Chon PTHSG QG Nghé An nam 2010 ) Cho cac s6 thyc dwonga,b,c théaman :
9(a* +b* +¢*)-25(a® + b* +c*)+48=0 . Tim gi4 tri nh6 nh4t cta biéu thirc :
a’ b’ ¢
= + +
b+2c c+2a a+2b

Cho a,b,c l1a c4c s6 thuc dwong: a+b+c =1.CMR :

2a’+(b+c)* 2b*+(c+a) 2c*+(a+b) 2
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8 Phan 111 : BAT DPANG THU’C VA CU'C TRI

Lo gidi:
Tir gia thiét:
9(a* +b* +c*)-25(@° +b* +c*)+48=0=25(a* +b* +c*)=48+9(a* + b* +c*)> 48 +3(a* + b* + * )’
=3(@*+b’ +c?) -25(a* +b* +c*)+48<0=3<a’ +b* + ¢’ <16
Talaicé:
a’ b ¢ a b* c* . (@*+b*+c*y

= + + = + + >
b+2c c+2a a+2b a’*(b+2c) b’*(c+2a) c*(a+2b) (a’b+b’c+c’a)+2(a’c+b’a+c’h)

2 2 242
Lai c6: a’b+b’c+c*a=a(ab)+b(bc)+c(ca)< \/(a2 +b? +c?)[ab? + bic? +cfal] <val + bt + ¢ \ ,(a+b+c)

2
Twong tir: (a’c+b?a+c’b)<+a® +b* +c?. altbirc’

3

2 2 2
Trdétacod: F>, f% >1 . D4u bang xay ra khi va chi khi : a=b=c=1.

PAP AN QJA SO’ GD&PT NGHE AN

Ap dung bat dang thirc AM - GM, ta c6
a’ (b+2c)a - a’ (b+2c)a’ _2a°

b+2c 9 b+2c 9 3
2 2 2 2 2 2
Twong tr b . (c+2a)b 2b < . (a+2b)c S ZL
c+2a 9 "a+2b 9 3
a’ b2 c

Suy ra:

= + +
b+2c c+2a a+2b

_?_(_zil_itb2+cé[lﬂ+2c)+b c+2a£(a+2b}J_H

Lai ap dung AM - GM taf:o - chers
RIS B b3+b3+a Jrc b

a’c+b%a+c’b < +
3 3 3

=a +b3+c (**)
Tt (*) va (**) suy ra:
2 1 2 1
Fzg(a2+b2+cz)—§(a+b+c)(az+b2+c2) 25(32+b2+c2)—6<a2+b2+c2) 3<a2+b2+c2).
Pit t= 3(a2+b2+c2),tirgié thiét ta cé:
25<az+b2+c2)—48=9(a”‘+b‘*+c“)23(a2+b2+c2)2

=3(a+b?+c?) ~25(a’ +b7 4?48 < 0 = 3<a’+b? +c< %

Do d6 F%tz—%ﬁ:f(t) voi te[3;4] (*%).

Ma min, f(t) =f(3)=1 (****). Tl (***) va (****) suy ra F> 1.
te|3;4

Vay minF=1 xdy rakhi a=b=c=1.

21. (Dé thi HSG Tinh Nghé An nam 2009 ) Cho céc s6 thuc dwong x,y,z . Chitng minh rang:

1 1 1 36
—t—t—2 2.2 2.2, . 2.2
X y z 94Xy +yz +zx

Loi gidi :

BDT da cho twong dwong véi : (9+x2yz +y’z’ +szz)(1+l+l)236
Xy z

Tacé: (Xyz)2 =(xy)(yz)(zx) < (Wj
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Phan 111 : BAT DPANG THU’C VA CU'C TRI

1 1)2_[Xy+yz+zsz>27(XY+YZ+ZX)2 27

, 1
Dod6: | —+—+— —=
Xy 2z XyZ (xy +yz+2x) Xy +yz+zX

Laic6: 9+ x%y* +y*z> +72°x* = 6+(x2y2 + 1)+(yzzz +1)+ (X +1)> 2[3+(xy+yz+zx)]

Nén :
27
Xy +YZ+ZX

(VT)2 >4[3+(xy +yZ+Zx)]2. = 108{Xy pE— +6+(xy +YZ+ZX):| >

> 108[6+2\/L(xy+yz+zx)j =1296=VT>36
Xy +YZ+7X

PAP AN 0JA SO’ GD&PT NGHE AN :
B4t dang thirc cAn chirng minh twong dwong
(xy +yz +zx)(9 + x2y2 + z2y? +x272) = 36xyzZ
Ap dung bat dang thirc Cosi ta c6 :
Xy +yz +zx 2 33x’y*z* (1)
Va 9+ x2y2 + 72y2 +x272 2 12 Qx*y*z* hay 9 + x2y2? + z2y2 +x222 2 12 3/xyz (2)

Do céc vé déu dwong, tir (1), (2) suy ra:
(xy +yz +zx)(9 + x2y2 + 72y2 +x272) = 36xyz (dpcm).
D4u dang thitc xdy rakhi vachikhix=y=z=1

22. (Pé thi HSG Tinh Quang Ninh ndm 2010 ) Cho céc s6 thuc dwong x,y thbamandk : x+y+1=3xy . Tim gia td

. Ko oo 3x 3y 1 1
lén nhatcha: M= (1 + 02 o
y(x+ x(y + X°y
Lo gidi AR v oo
Taco: 3xy Lx by ¥ 2xy +1= PRy 21 Zxy 2 1)) 0t s
Taco:
Mo 3 . 3 1 1 1 1 3xy(x+y)—(x+y) +2xy _3xy(3xy —1)-(1-3xy)* +2xy
y’(3x-1) x*(By-1) x* y* y’(3x-1) x*(3y-1) X2y2[9xy—3[x+y)+1] 4x’y*

23. (Dé thi HSG Tinh Quang Binh nam 2010 ) Cho cac s6 thwec dwong a, b, c. CMR :

a’ b c_a b c
1f—+4[—+4/—2—+—+—
b c a® b c a
3 3
a—3+ a—3+1232
A b
VLK I
3< E+ c_3+ 3—3

24. (DPé thi HSG Tinh Vinh Phiic ndm 2010). Cho x,y,z >0 théaman : x* +y* +z* =1. Tim gia tri I6n nhit cta
biéu thitc: P=6(y +z—x)+27xyz
2

2, .2 _
HD: PS6[\/2(y2+ZZ)—X}+27X.y ;Z :6[\/2(1—x2)—x}+27x1 ZX (P, =10)

25. (Dé thi HSG Tinh Hai Phong ndm 2010). Cho a,b,c>0:a’+b”*+c*=1 . Chng minh ring :

6
a®+2b’ +3¢® 27
HD : C6 thé dung can bing hé s6 hoic Svacxo
26. Cho x,y,z1a cac s6 thuc dwong thbaman: xyz=1 . Ching minh rang :

4 4453 4 453 4 453
X+ +z z"+X

SRS N CARE N Cae. 9 D
X +y y +z Z° +X
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27.

28.

29,

30.

31.

32.

33.

34.

Loi gidi: Pit x* =a;y* =b;z° =c=>abc=1 . Bit ddng thtrc da cho tr¢ thanh :
(@*+b*y +(b2 +c*)’ (c +a’)
a’+b’ b* +¢° ¢’ +a’

Ap dung Bat ding thirc AM-GM cho 4 s6 ta c6 :
(a*+b*)’ =(a° +a'b* +a'b’ +a'b’ ) +(b® +a’b* +a’b* +a’b* ) 2 4Ya’b® (a’ + )
(Pé thi HSG Tinh Péng Nai nim 2010 ). Cho a,b,c > 0. Chrng minh rang:
1 1 1 3(a+b+c)
+ + >
a+b b+c c+a 2@*+b*+c)

>12

HD:

a’ +b*)+(b* +c?)+(c* +a?
BDT@[( )+(b” +¢*)+( )][ 111 }Zg(ﬁbﬂ)
c+a

2 a+b b+c 2

2
Vachay: a® +b z@

(Pé thi HSG Tinh Pht Tho ndm 2010 ). Cho x,y,z>0:x+y+z=9 . Ching minh rang:

3 3 3 3 3 3
X+ +z° 7' +X
y ¥ + 29

xy+9 yz+9 zx+9
(Dé thi chon PT Ninh Binh nim 2010 ). Cho ab,c 12 d6 dai ba canh mét tam giac c6 chu vi bdng 4. Chitng minh
rang : a* +b’ +c’ +2abcs%

HD : Bai nay thi chon phan tir Ién nhit ma dao ham .

3 3 3

(Pbé thi HSG Tinh Binh Pinh nam 2010 ). Cho ab,c>0.CMR: a +C—Za+b+c

bc ca ab

2 4
HD: VT~ Z (a +b?+c*Y _(a+b+c) Satbac
3abc 27abc
(Dé thi chon HSG QG mm%l Cholx%g-] 2/ y+x/72_1 Tim gia tri nho
nhitcta: S= % 4ZX SX}) :
X y vA

2 3
+ + =
1+x 24y 3+z

(Dé thi chon HSG Thai Nguyén nim 2010 ). Cho cac s thuce x,y,z thoa man diéu kién :

Tim gia tri nho nhitcta: P=xyz
(Dé thi chon HSG QG tinh Bén Tre nam 2010 ). Cho a,b,c>0:a’+b’ +c* =3 . Chitng minh b4t ding thic :
1 1

+ + ! <1
4—ab 4-+bc 4-+Jca

(Dé thichon PT trrong PHSP I Ha N6i 2010 ). Cho cic s6 thwe dwong x,y,z . Tim gia tri nhé nhit cia :
2
1
P_Xsy Y3Z+_3+ 2 3Xy;z 2
zZ X y' 3(xy°+yz° +zx°)
Lovi gidi 1 ;
b 13
bit: i:a;X:b-Ezc:abc 1 .Lucdo : P:i2 —2+£Z+—
y z X c© a° 3(@a+b+c)
, b+b §
Tacé : (a+b+c):abc(a+b+c):(ab)(ac)+[ab)(bc)+(ac)(bc)S%
1 1
—+%22—
a b b
Lai c6: l+£22212%+%+%21+1+1=ab+bc+ca
b ¢ c b* ¢ a° a c
l+%22l
c a c
) 13 .
Dod6: P>(ab+bc+ca)+—————— (V&iab+bc+ca=1)
(ab+bc+ca)
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11 Phan 111 : BAT DPANG THU’C VA CU'C TRI

Lovi gidi 2
2 2 2 1 1
bat: Yy_ ,E:b 2 _c=abc=1.Licdé: P:a—+b—+c—+¢z(a+b+c)+—32
X Z y b ¢ a 3(ab+bc+ca) (a+b+c)
35. Bai toan twong tw: Cho x,y,z>0:xyz<1 . Chirng minh rang: 12+12+12+L24
y* z° X X+y+z
Loi gidi : bat : l:a;lzb l—c:>abc>1
X y z
2 2 2 2

BDT da cho trov thanh: 240, S 33bc @¥bre) 9 g4 ,ipico3dabe=3

c a b ab+bc+ca a+b+c (a+b+c)
36. (Pé thi chon doi tuyén PH Vinh ndm 2010 ). Cho ab,c 1a cic s6 thuc thuéc doan [0;1] va a+b+c=1.Tim gia
1 1 1

tri 16n nh4tvanhoé nhitcia: P= - et —
a“+1 b*+1 c"+1

HD: Dung pp ti€p tuy &n va B4t ddng thic : 21 + 21 >1+ 12 , VX, y20;x+y <1
x"+1 y"+1 (x+y) +1

37. (Dé thi chon HSG QG tinh LAm Péng ). Cho a,b,c 12 cic s6 thuc dwong. Chirng minh rang :

%+_+ >x/a —ab+b® +4/b? —bc+c? +yc? —ca+a’
c

Loi gidi :

C C a

2 2 2 2 2 2
Do do z.w:z(%ﬂ_f_]zZ[(%b_a}b}zﬁ$)+b}zzvp
C a

€2: Tac6: Y a’—ab+b’ >a+b+c(Mincopxki)
2= Tl Y
Ma: vT=%2 b S >

bathsmet iasbdcteatfiers n' students
38. (Pé thi chon ddi tuyén trworng Lwong Thé Vlnh Dong Nai nam 2010) Cho a,b,c>0:abc=1.Ching minh

2 2 2 2 2 2
C1:(THTT) Tacé: (%+bj+(b—+cj+(c—+aj22(a+b+c):>%+b—+c—2a+b+c
a

ring : ab’ +bc® +ca’ >a+b+c

HD: BDT =2+ 2 Csaibic. Chiyla: 242 a2 >3 a%c=?
b ¢ a b c b

Loigidi2 : Tacd: ab® +ab® +bc? > 33/(a’b’c*)b* =3b
39. (Chon PT HSG QG tinh Phui Tho nam 2010 ). Cho a,b,c>0. Chirng minh bat ddng thirc :

2 2 2 3
Jf_2 s b N 23\/5
b+c c+a a+b 2
2 2
HD : 2+b+c+b+c2332 b+c N a < 1 Jf_a
a a a 2(a+b+c) 332\\b+c

40. (DPé thi HSG Tinh Nghé An nam 2008 ). Cho 3 s6 dwong a,b,c thay d6i . Tim gia tri 1é6n nhit cia :

a+3«/§ b+3J£ c+3\/£'

HD: Dat \/7—x\/7 y,\f—Z:xyz 1. Licdo:

pP= + + —5(2 X j+1 Lai c6 :

P=

X+3z y+3x z+3y X+3z
Z Z (x+y+z) S (x+y+z) 3
3 4
X+3z x% +3zx [x+y+z) +(xy +yz +7x) (x+y+2) +(x+3;+z)
13 3 “_n
Do dé: P<1_§Z:Z D4u “=" xdy rakhi vachikhi :x=y =2z =1.
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PAP AN @JA SO’ GD&DT :

Pit x=+/a,y =vb,z=+/c;x,y,z¢ (03+0).

Khidé: P=—22—+ 2%
X" +3yz y +3zx z°+3xy
Tacéd 3P = 3yz + 32X + 3xy

x*+3yz  y*+3zx 7' +3xy

2 2 2
:3—[ I A— J:B—Q

x*+3yz y*+3zx 7z’ +3xy

ap dung bdt BCS ta dwgrc

[mw/x +3yz+m\/y +3ZX + ——

SQ.(X +y +zz+3xy+3yz+3zx)

2
\JzZ' +3
\JZ* +3xy S

(x+y+z)2 o
Q2> . Mdtkhac xy +yz+zx <

(x+y+z)2+xy+yz+zx

(x+y+z)2

Suy ra in,do do 3P£2:>PSE.
4 4 4

D4u béng xay ra khi va chi khi a=b=c. V4y gia tri nhé nhit ctia P bing %

41. (Pé dw bi HSG Tinh N n2008) Cho baso duong a,b,c thod min: a’+b’+c®=1.Tim gia tri nho nhit
i I ! C!;I—\ M &8[ )

a’
ctia biéu thikc : P= fatrhematics 4 teachers
b1carnetatics 4 teachers
1 1 1
> 2
b+c c+a a+b

Loigidi 1: Giastr: a>b>c=> . Ap dung b4t ddng thirc Chebysev ta c6 :

@ b 1, ., 1 1 1) 1( 1 1 1
P= + + .2—(3 +b +c) + + == + + >
b+c c+a a+b 3 b+c c+a a+b) 3\b+c c+a a+b
3 3
> >
2(a+b+c) 2,3 +b*+c?)
Lovi gidi 2 : Ap dung BDT Swcharz :
o at . b* . c* . (@ +b* +c*)
a’(b+c) b’*(c+a) cz(a+b)'_b(a2+c2)+a(b2+c2)+c(a2+bz)
V2ayb? + ¢ \/bz+c 2a’ +2(b2+c)
V2 ﬁ 3

Lai c6: a(b®*+c*)=

3 3 3
42. (D@ chon ddi tuyén QG du thi IMO 2005). Cho ab,c>0 .CMR: ——+ b i 323
(a+b) (b+c) (c+a)’ 8
Loi gidi: E:X;E:y;izz;jxyz:l.Béitdfmgth(rcdé\chotrc’)’thémh: ~+ 1 -+ 1 323
a b ¢ (1+x) (1+y) (1+z) 8
Ap dung AM-GM tacé : ! —+ ! 3+12 N — = 3 -
(1+x) (1+x) 8 V8(1+x)" 2(1+x)
Ta can CM bit dang thitc : 1 + 1 + 1 .3

(1+x)2 (1+y]2 (1+Z)2 4
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° a2 1 1 1
Bo dé : ~+ -2 (vx_y>0)
(1+X) (1+y) 1+xy
BS dé nay duoc CM bing cach bién d6i twong dwong dwave BDT hién nhién: xy(x—y)* +(1-xy)* >0
2
Dodé: VT>—r 41 z 1 _2z+D)+1 2z +z+1
Txy (1+2f 241 (142 (1+2f 72 +22+1
2
Gidstr: z=Max{x,y,z} =>1=xyz<z’ =z>1 .Xétham s : f(z)_ﬂ, F(z) =2 1 S0z 1
2 +2z+1 (z+1)*

Suy ra: f(z)zf(l):%
43. (Pé thi HSG Tinh Ha Tinh ndm 2008).Cho x,y,z>0:x+y +z=1 . Tim gia tri nhd nhatcla:

P:\/l_x+ 1—y+\/1—z

1+x 1+y 1+z

Loigidi1: /Fz(l—x)cmfl—x(l—\/l—xz)20<:>\/1—X
+X

Thiét14p cac BPT twvong tw tacd: P>2

>0 (ludn ding)

XZ
1+41-%*

Chliy:Dé’timMaxc&nsﬁ'dyngBBTphy:\/1_X 1-y <1+ 1_)(_},,x+y£i va MaXP:1+i
1+x 1+y 1+x+y 5 3

44. (Dé thi HSG1¢p 11 tinh Ha Tinh ndm 2008). Cho x,y,z>0:x+y+z=1 . Chitng minh b4t ding thic :

1+x+1+y+1+z<2(x vy, J
y+zZ zZ+X X+Y y z X

Xz Xy . yz
yly+z) zz+x) x(x+y)
Talai c6: VP=— 2 FTICTE I'ﬁﬁiz'V'I_[Wl) (_ GEZr‘I'](XZ+YZ+ZX)
yly + Z) 2(z3X) |, X(x+y) .. xXya(y+2) |xyz(z +X) xyz(x Ty) L 2xyr(x+y+7)
(xy+yz+ ZX]

Gidi: BPT @2( X (Y ]+3s2[3+l+3]®§g
y+z Z+X X+y y z X 2

Ma: xyz(x+y+z)=(xy)(yz)+(xz)(zy) +(zx)(xy) < =>VP2 %

45, (Pé thi HSG Tinh Quang Binh - 2010).Cho a,b,c>0:a+b+c=3 . Chtng minh ring :

a\/b3+1 +b\/c3+1 +C\/a3+1 <5

46. Cho ab,c 12 d6 dai 3 canh tam gidc ABC. Tim GTNN cdia : P =\/ 22, \/ 2b \/ 2
2b+2c—a 2a+2c—-b 2b+2a-c
2a B x/ga x/ga

HD : = >
2b+2c—a \/(33)(2b+2c_a) (a+b+c)

47. Cho a,b,c>0:a+b+c=1.Tim GTLN, GTNN céia: P=+a’+a+1+yb?+b+1+/c*+c+1
HD.
Tim GTNN : Ap dung BPT Mincopxki ta c6 :

P:\/a2+a+1+\/b2+b+1+\/cz+c+1:z\/[aJr%jZJr[?Jz>\/(a+b+c+2j2 (3[]

Tim GTLN :
B6'dé: CM bitdang thirc : Jita+a® +4/1+b+b? £1+\/1+(a+b)+(a+b)2

Binh phwong2vétaco: +J(1+a+a’)(1+b+b*)<ab++1+a+b+(a+b)’ <y1+a+b+(a+bf +(1-a—b)>0
48. (Dé thi chon HSG QG tinh Hai Dworng nidm 2008 ). Cho a,b,c>0:a+b+c=3. Tim gia tri nhd nhit cta biéu
a’ b’ c
+ +
a+2b’® b+2c¢® c+2a’
HD: AM-GM ngugc diu.
, z 2ab’ 2ab’ 2 2 2. 4
Taco: —> c=a-— ab sza-— ab :a——bf/a_z2a——b(a+a+1)=a——b——ab
a+2b a+2b 33ab’ 3 9 9 9

thirc: P=
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14 Phan 111 : BAT DPANG THU’C VA CU'C TRI

2
a+b+c
Do dé: P2(a+b+c)—z(a+b+c)—i(ab+bc+ca)zz—i(—)=1
9 9 3 9 3
49. (Pé chon PT trwong chuyén Bén Tre). Cho x,y,z>0 . Tim GTLN ctia: M= ! - !
x+y+z+1 (1+x)(1+y)(1+2z)
Gidi: Dit x+y+z=t>0,taco: (1+x)(1+y)(1+2)< xty+243) s e L 27
3 t+1 (t+3)
Xétham 8 : f(t)=i—i
t+1 (t+3)
4 4 4 2 2 2
50. Cho a,b,c>0 . Chtng minh rang : 3a +1+3b +1+3C +1Za +hi+c
b+c c+a a+b 2
HD: Tacé: 3214+1=:;14+a4+a4+1>44a12=4a3
b+c Z:ab+ac5vaC><0"
51. Cho a,b,c>0.Ch1’rngminhr§ng:l+l+l+ 9 > 4 + 4 + 4
a b ¢ a+b+c a+b a+c b+c
HD:
52. Cho a,b,c>0:a+b+c=1 .Chi¥ngminh ring: bye + cVa + avb 23\/5
a(\/%+«/£) b(\/5+\/a) c(x/%+\/§)
53. Cho a,b,c>0.CMR: a + b + ¢ sl(l+l+lj
3a°+2b*+c 3b*+2c*+a® 3c+2a+b* 6la b
54. Cho a,b,c>0:ab+bc+ca=3 .CMR: a4 b +—S >abc

2a+bc 2b’+ca 2c®+ab
1+a®> 1+b° 1+c°

55. Cho a,b,c>0.CMR: —FF]%(?];F?—\Wﬁ L OCOOOrnm

1+a’c TTFc +b?
3 1T aghe
56. Cho a,b,c>0:abc=27. CMR 1 I L <3
\/1+a \/1+b J1+c
57. Cho a,b,c>0 . CMR: — 1 1 27

: + + >
b(a+b) c(c+b) a(a+c) (a+b+c)
b+c c+a a+b
58. Cho a,b,c>0 .CMR: >a++/b++/c+3
NN
b\/; af C\/E 51
4b\/z c«/ﬁ 4a\/_ b\/_ 4&/5 af -
3 6
>
a+b+c ab+bc+ca

59. Cho a,b,ce(1;2) .CMR:

60. Cho a,b,c>0:abc=1.CMR: 1+

2 2 2
61. Cho x,y,z>0 .CMR: —~2 , YX , 2¥ 21[§+X+£]
X

xyz+y® xyz+z' xyz+x’ 2\y z
2 2 2
62. Cho a,b,C>0:1+1+1:1.CMR: a b 4 2a+b+c
a b c a+bc b+ac c+ba 4

2

63. Cho x,y,z>0 . Tim Min cta : P:§/4(x3+y3)+§/4(y3+z3)+§/4(z3+x3)+2[i+%+iJ
v oz

64. Cho a,b,c>0:a+b+c=3.CMR: Ja++b++c>ab+bc+ca
1 1 1

65. Cho a,b,c>0:abc=1.CMR: + + <1
a+b+1 b+c+1 c+a+1
66. Cho x,y,z>0 .CMR: X + y + z <
X+4/(x+y)(x+2) y+\/(x+y)(y+z) z+\/(x+z)(y+z)
3 3 3
67. (Dé thi HSG Tinh Binh Phuéc nam 2008 ). Cho a,b,c>0 . CMR: —> 4P ¢ ,atbic
a’+b? b?+c* c*+a’ 2
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68.

69.

70.

71.

72.

73.

(Pé thi HSG Tinh Thai Binh niam 2009 ) .Cho cic s6 thuc x, y, zthéaman x*+y”® +z* =3. Tim gia tri 16n nhit

ctia biu thirc: F=4/3x* +7y ++/5y +5z +/7z +3x>
(Pé thi HSG TP H6 Chi Minh niam 2006 ). Cho a,b,cla céic s6 thwc khéng 4m thda: a+b+c=3.Ch¥ng minh:
a’ b’ ¢ 3
— 2>
b+1 c¢"+1 a"+1 2

Cho a,b,c > 0. Chitrng minh rang: \/ 2a + 2b +\/ 2c <3
a+b b+c c+a

‘ . 1 1 2
HD: Dbat X:\/E;y:\/E;Z:\/E:>XYZ:1.ApdungBédé: >+ > < (Xyﬁl)
b c a 1+x° 1+y° 1+xy

Chirng minh cac Bit dang thic:

a) log, a’+log,, b*+log, c’>3 (ab,c>2)

1 1 1

by 2| 2B, 1082 108 |5 9 (gpe>1)
b+c c+a a+b) a+b+c

)

Cho x,y,2>0:Xy+yz+zx=3.Tim gid tri nh6 nhitcta: P=x*y® +y*z® +2°x> + (x—1)* +(y - 1)* +(z - 1)*

Gidi :

rmaie— v i1 C.OoOorm

mathematics 4 teachers
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PHAN IV : GIOT HAN DAY SO
=1
1

5 . Chitng minh day sé c6 gi¢i han va tinh gi¢i han doé.
X, 4 :7—10g3(xn +11)

1. Chodaysd: {

: )
HD: Xétham s3: f(x)=7-log,(x’ +11),x€(0;5) , tac: f'(x)=————<0,Vx e (0;5)
(x*+11)In3
Do dé: 0<f(5)<f(x)<f(0)<5.Ma x_, =f(x,), do d6 bangquy nap taCM dwgcrang: 0<x_ <5,Vn
, -2
Lai xétham s6: g(x)=7—log,(x’ +11)—x, x€(0;5). Taco : g'(x)=—————~1<0,¥x £(0;5)
(x*+11)In3

Suy ra phwong tinh f(x)=x c6 nghiém duy nhit x=4.

Theo dinh ly Lagrage Jce(x,;4) sao cho: |f(xn)—f(4)| =

\/713

n-1
2c 1
(Vi |f'(c) ).Dodod: |x ,—4 S( J x,—4—>0
Fel= (¢’ +11)ln3 2J11¢2 In3 \/71n3 4 J111n3 o =4
2. Chophwongtinh: x*™"' =x+1 v&innguyén dwong. Chirng minh phuwong trinh da cho ¢6 duy nhit mdt nghiém

thuc véi mdi n nguyén dwong cho truére. Goi nghiém dé 1a x, - Tim limx_
x>1
Gidi : Tk phwongtrinh : x™" =x+1 < x(x*™" -1)=1= x(x*" —1)>0:>x(x—1)>0:{ 0
X<
bat f (x)=x"""-x-1.
+) Néu x <0 : Hamy= f (x) lién tuc trén Rva f(0)=-1;lim f(x)=—o0, suy ra phwong tinh khong c6
nghiém trén khoang (0;-).

+) Neux>1rt?.1:f)d_lix!_( n+1}.V—|-1_>-0| I&'&S]ﬁﬂl 11m f[x) +00 , suy ra phwong tinh

c6 nghiém x & (1;so0) duy nhat.
Xét hiéu :

£ (3, ) =6, 0¢,) = (07 =x, =1) = (" —x, = 1) =xI"" (x, ~1)>0,vx, > 1=, (x,) >, (x,)
Hay: f (x )>f (x )=0=f (x

Vay ddy {x } la day gidm va bi chdn dwé¢ibdi 1néncé gidi han. Gidsk: limx =a(a>1)

rachers

)= x, >X%,,,- (Do ham f(x) tang) .

n+1 n+1

Ta sé chirng minh a=1. Thatvay, giast a>1.

u, =1
3. (Dé thi HSG Tinh Quang Binh nim 2010) Cho ddy s5 {u_}: 2 obais =iy
un+1 = un + - uZ u3 un+1
2010
Tim : limS
Levi gidi :
u’ u . —u u U, —u u u 1 1
Tacé : ukﬂ _uk — k = k+1 k _ k = k+1 k _ k = k 22010|:__ :|(*)
2010 u, 2010  wuw.u,, 2010w, u.,, u, U,

Tw hé thirc (*) chok=1,2..,ntacé: S = 2010[1— ! ]
un+1
2

o u ~ «
Laico: u ,=u, + “OZun:Day{un}tang.

n

Gia str {un} bi chan trén. Suy raton tai gi¢i han hiru han: limu, =a(a>1).Dodo, tir:

2 2 2

u, =u + =limu, , =lim|u + y —azat— _=a=0 (Voly)
2010 2010

n+1 n 2010

1
Suy raddy {un} ting va khongbi chdn trén, nén: limu, =+ = lim
u

=0=1imS, =2010

n+1
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17 Phian IV: GIOT HAN DAY SO

1<x, <2
4. (Deéthi HSG Tinh Binh Pinh ndm 2010). Choday s6 {x_ }: x> . Chtrng minh day s6 {xn}
X =1+xn—7“,Vn21

n+1
c6 gi¢i han va tim gié¢i han d6 .
Loi gidi :
2

Xét ham s6 : f(x):1+x—x7,xe(l;2) .Taco: f'(x)=1-x<0, Vxe(1;2) . Do d6:

3 N o ,
1:f(2)<f(x)<f(1):5<2 . T dé thay xboi: x;x,,..,X, tacd: 1<x,,X,,..X, <2
Suy raday {x } bichan.
aZ
Gia str day s6 c6 gi¢i hanla a, Idc d6 a théa mén pt: a:1+a—7:a:\/5

Ta s& CM gi¢i han nay bing dinh 1y kep :
2
2 V2
Xét hi¢u ‘xm -ﬁ‘z (1+xn —%“J— 1+J§-( )

2

)

‘xn +\/E—2‘

Lai c6 : 1<xn<2:>\/§—1<xn+x/§+2<\/5:‘xn+ 2+2‘<\/E

2] <2, )
2

Do db:

(*). Tk (*) chon=1,2,.. vanhan lai véi nhau tacé :

n-1

X, —\/E‘<[£Jnl‘(xl —\/5)‘ .Ma lim[%} ‘(X1 —\/E)‘ —0=limx, =+/2

2
" 1
5. (Baitoantwongtw). mlﬁn—} "'Zl | — ul .
mathematics 4 :i-i:}_lﬂl_-.l;_'\yntz'l students
n+: 2

=1

. Chitng minh rang
X, . =\/xf‘ +x, +1 —\/Xi -x, +1

6. (Dé thiHSG Tinh Bén Tre nam 2010 ). Cho day sb {xn}:{

day sé trén c6 gi¢i han va tim gi¢i han d6 .
Loi gidi -

. 2X
Tacéh: xn+1:\/xi+xn+1—\/xi—xn+1: L
2 2
\/xn+xn+1 +\/Xn—Xn+1

Bing quy nap ta chitng minh dwocrang: x,>0,vn=1,2,..

Lai c6:

2 2 2 2
\/xi+x"+1+\/xi—xn+1= xn+1 3+ —xn+1 +3 >
2 2 2 2 Mincopxki
2
1 0T (V3 B
> X +— |+ X +=|| +| —+—| =2
Mincopxki n 2 n 2 2 2

Twdosuyra: x , <x,

Vdy ddy {x,} gidm vabi chdn dwéibdi 0 nén ton tai giéi han hiru han. Gia st

limx =a=a=+a’+a+1-+a’—a+1=a=0

X, =2
7. (Pé thi HSG Tinh Nghé An nam 2009). Choday s6: {x }: X, +2%, +..+(n-1)x
X, = ( > 0 = n>1
n(n” -

Tinh limU, véi U =(n+1)’x,
Loigidi: Taco:
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1
+) X2 :§

+)V6i n23taco: [x,+2x, +..+(n-1)x, |+nx =n(n’-1)x +nx =n’x

[x, +2%, +..+(n-2)x,, |[+(n-1)x,_, =(n— 1)[(n -1y - 1})(“_1 +(n-Dx_, =(n-1¥x_,

_13 _1 2
Twdésuyra: n’x, =nx, +(n-1yx, _, = X, :(n3 ) :(n J[ n J(*)
X n’—n n n+1

n-1

Tw (*) cho n=3,4...tacd :

X, X, X, X _|(n-1)(n-2) (2Y|[ n n-1 3 12 4
X, X, X , X, n )n-1)73) [|n+1 n "4 n[n+1) " n’(n+1)

3
Dodo: limU, =lim 0t _
n“(n+1)
X, >0
9. (Pé thi HSG Tinh Ha Tinh ndm 2010 ). Cho day {x_}: x, (x2 +3) 50" Chirng minh day c6 gi¢i hanva
Xy =5 ——,Vn2>

"3kt 41 v

tim gi¢i han dé .

Loi gidi:

Béng quy nap ta chitng minh duoc x,>0,vn>0

+) TH1:Néu x, =1, quy nap ta dwgc x, =1,vn>0 . Hiénnhién limx =1

+) TH1:Néu x,>1,
x(x* +3) x*(x-1)*

41 GBx2+1)

Xéthamso: f(x)= trén khodng (1;+w0) tacéd : f'(x)= G T 1)

>0,Vxe(1;+0)=f(x)>f(1)=1

Dodd: x, =f(x,)>1,...quynaptacé: x >1,vn

Lai ¢6: x, , <x, & xd I: !X j dungvo'l Xy >1

3xﬁ+1 Atios 43x2 R
Twrdétacd: x, >x, >..>x_>x_, >1.DAay s6 gidm vabi chan dwédi nén ton tai gi¢i han hitu han.
a(a2+3)
Gid str: limx, =a>0=>a=——F—"=a=1
3a”+1
,( L x x(x*+3) . . .
+) TH3:Néu 0<x, <1, Xétham sb : f(x)= —1trenkhoang(0;1) taco:
+
f'(x)= ﬁ>0 ,Vxe(0;1)=0=f(0)<f(x)<f(1)=1
Do dé: x, =f(x,)€(0;1),.. quy nap taco : x e(0;1),Vn
, 243 2 21 , ,
taco: xk+l>kuW>xk©W<0 dingvoi 0<x, <1
3x, +1 3x, +1
Dodé: 0<x, <X, <..<X, <X,,, <1.DAay s6 tdng va bi chdn trén nén ton tai gié¢i han hiru han. Gid sir:
a(az+3)
limx =a>0=a=———+=a=1

3a*+1
Kétluan: limx_ =1
u, =a
10. (Bai toan twongtir ). Cho o >0;a>0 lahaisé tuy y. Day {u, }: u, (u? +3a) _01. Chitng minh day
u —_—

n T M=0,4,...

3u +a
c6 gidi han va tim gié¢i han do.
u, >1
11. (Chon d6i tuyén PH Vinh nam 2010). Choday 6 {u_}: U +1+4/2(0® +1 . Tim limu,
u,, = (1“ ),n:O,l...
u, -

MATHVN.COM = Pham Kim Chung — THPT D ANG THUC HUA- DT : 0984.333.030 — Mail : p.kimchung@gmail.com Tr. 184



19

Phian IV: GIOT HAN DAY SO

12,

13.

14.

15.

16.

17.

18.

19.

20.

a, =1

1

(Pé thi chon PT HSG QG KonTum nim 2010 ). Cho diy s6 thwc {a_} xac dinh nhw sau: 1 (n>1)
" a ., =a +—(nz
a

Chirng minh ring: lim A _2

n—+owo \/H

X
n

(Pé thi HSG Tinh Hai Dwong ndam 2006 ). Cho day s6 thuc x, =2006;x_, = 3+ .Tim limx_

-1 X—>+00

2
Xn

(Dé thi HSG Tinh Phi Tho ndm 2008 ). Cho ddy s6 {x_ } théaman :

x, =1 n
{ ! .bat V. ZZL . Tim limyn.
Xml=\/X“(Xn+1)(xn+2](xn+3)+1 ,Vn>0 i1 Xi+2

HD: xml:\/Xn(xn+1)(Xn+2)(xn+3)+1:1[(xi+3xn+1)2:xi+3xn+1:> L = r 1
x,+2 x +1 x , +1

Sau d6 chirng minh dady tdng va khong bi chan trén.

=a>1
Cho ddy (x ): % a2> Tim: lim| X2y oy T
"712010x,,, =x; +2009x, el x, -1 x, -1 X, —1
s x> 2009x o N , .
HD: Xétham sb: f(x)=—— ,x>1.Taco:f(x) >0, Vx>1 = f(x)>f(1)=1. Bang quy nap chirng minh
2010 2010
2
s -1
dwocrang: x >1,vn .Xéthiéu: x  —x % % _ X (x, ~1) >0,x, >1=x ,>X,

"72010 2010 2010
Gid st Jlimx, =a(a>1)=2010a=a’+2009a=>a=0;a=1 (Khong thhaman). Viy limx, =+

Laico:
- 1 1
2010x_, =x* +2009x_ = 2010(x,, —x )=x_(x, —1)=—2 :2010%=2010[ - }
M= v G oo P -1 x, -1 x,,-1
mathematics 4 Xweakhers n' student: 23 23 X2
(Baitwong tw) . Chodaysd: (x ): X2 . Tim gi4i han lim| 2+ -2+ .+ -2
n+1: v +Xn'n6N* XZ X3 Xn+1

(Pé thi HSG Tinh Binh Phwéc nam 2008 ). Dit f(n)=(n’*+n+1)’ +1 véinla sd nguyén duwong. Xét diy s§
_ f(1)£(3)£(5)..f(2n - 1)

(x,):x, . Tinh gi¢i han ciaddy s6: u_=n’x
f(2).f(4).£f(6)..f(2n) " "
2
HD: Chiy: f(k-1) _ (k-1)"+1
f(k) (k+1)*+1
a, =2008
Cho day s6 (a_) xac dinhbéi: J & R .Tinh limn’a,
" Zai:n a,n>1 >+

i=1
HD: Tac6 a, +a,+..+a, =n’a, :>(n—1)2 a,, :(n2 —1)an —a, :n—_lalH 1)
n+1
Trong (1) cho n=1,2,3...vanhan n6 4 i dé tim : a,

14 2006
1

Cho day s6 ( x, ) thda: x, =1,x (n>1). Chirng minh day s6 ( x, ) c6 giéi han va tim gi&i han dy

n+1

+X

n

1
X :E
(Pé thi HSG QG nam 2009 ). Cho day s6 (x,): . Chirng minh rang day (y, ) véi

- g TX
X = n-1 n-1 nl’vnzz

51

y, = Z—z c6 gi¢i han hitu han khi n — o0 vatim gi¢i han do .
i=1 X
Gidi :
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VX2 +4x +x , 2x+4 1

Xéthamsf: f(x)=—— ,tacd: f'(x)=——+=>0,Vx>0
2 4x* +4x

Lai ¢6: x, =f(x,)>0,(do x, > 0)...bdng quy nap ta chirng minh dwoc x_>0,vn .

2 2
X +4X . +X X2 H4x X 4x
z AL, _ n-1 n-1 n-1 _ n-1 n-1 n-1 n-1
Xéthigu: x —x

= -X = = >0,(dox_ >0,Vn)
' 2 1 2 \/Xi—l + 4'Xn—l + Xn—l
Suy raddy {x_} tingva x_>0,Vn .Gid s ton tai gi¢i hanhruhan a=limx (a>0).Suyra:

2
Jat+4
=$©a=\/az+4a:a=0 (Vol1y) .

Vay ddy {x } tingvakhongH chdn trén nén: limx =+

n—>+o0

Lai c6:

2
X +4x L +X 2 (x,-x .) X 1 1 1
_ n-1 n-1 n-1 R _ n\ln n-1 n-1

X, = 5 :>(2Xn _Xm) =X, +4x, =% (x,-%,,)=X, 3 > >—F=—"—

Xn 'Xn—l Xn'Xn—l Xn Xn—l Xn
, 1 1 1 1 1 1 1+x 1 .
Do dé: yn:Z—zz = |+ ——— |+t ———|=——5+——=limy, =6.
=1 &4 X X X X1 X, Xy X, o

X, =2009

. Chttng minh day c6 giéi han hitu han
X, = %/6xm1 -6sin(x,,),Vn=>1

21. Xétday so thuc (x_),neN xac dinh boi : {

vatim gi¢i han dé .
3
HD : St dung bat ding thirc : x—%g sinx<x, Vx>0

Xétham s6: f(x)= MX>O Taco: f(x)—1 6(1— cosx)

e VT e G

Do d6: f(x)>0,Vx >0::Ma x= fi(x,) >0 (do=xy > 0) =X = (x4 )-.> 0,¥n

0 Vx>0

3 .
6x, ,—X , —6sin(x_,)

LAl _ _ 3 e _ _
Xet hlf_!u X TX T \/6an1 6Sln(xn—1) Xn1

i/[6xn71 —6sin(x, , )]2 -x_,36x_, —6sin(x ,)+x>,
3

(St dung Bdt dédng thirc : x—%gsinx:>6x—x3 —6sinx<0,vx>0)

<0

Do d6 day {x_ } giam vabi chdn duwéi, nén ton tai gi¢i han hitu han . Gia st : limx_ =a(a>0) ,tacopt:
=3/6a—6sina <> a’ =6a—6sina . Xét hams§ : g(t)=t>+6sint—6t ,tacod:

g'(t)=3t* +6cost—6,g"(t) =6t —6sint>0,vt>0=>g'(t)>g(0)=0=> g(t)> g(0)=0 . Do d6 pt c6 nghiém duy
nhdt a=0.

22. Cho day (xn) dwoc xéc dinh béi: X1 =5; Xns1= x2 -2 ¥n=1,2,.. .Tim lim —=21

e XK, X
X = \/§ N X

.Tim  lim —=
X, = 4/9%% +11x, +3; n>1,neN. X,

HD : Chirng minh day (xn )téng va khong bi chan :

X oh & . 8x% +11x, +3
Déthdy x, >0,vn ,xét: x , —x, =4/9x) +11x, +3-x, >0,vx, >0

\/9x +11x +3+x,

23. Cho day (x,):

a=-1
Giasi Ilimx, =a(a>0)=a=v9%’+11a+3 = 3 (Khéng thbaméan) = lim x_ =+
n—-+oo a=— n—+owo
8

Do d6: lim 1 = lim [9+1143 _3
n—>+0 X n—>+o Xn X,
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24. Cho day s6 (u,)xac dinh béi cong thirc
u, = 2008
u,,, = u’ -4013u, +2007%; n>1,neN.

a) Chrmg minh: u_ > n+2007;Vn>1,neN.
b) Déy s0 (xn) dwoc xac dinh nhw sau:
1 1 1
= + +ot
" u, -2006 u,-2006 u, -2006

Tim limx_?

;n>1,neN.

U, =1

25. (Pé thi HSG Tinh Tra Vinh-2009)Cho day s6 ( U, ) xac dinh béi: — 4 Tim limU,
Un+1 :10g3 X Ui +1 +§'vn21 n—>+0

x,=1

26. Chodayso (x,): 2% (ann2—1)+ 1 . Chtrng minh day (xn) c6 gi¢i han va tim gi¢i han dé .
X =

~ 2%In2-1
HD : Chirng minh diy giam vabi chdn duwéi .

n+1

27. Cho phwongtinh: x" +x"" +..+x—1=0 . Chéngté rdng véi n nguyén dwong thi phwong trinh ¢6 nghiém duy
nhdtdwong x va tim limx_ .

u =1

.. Tim limu
u =C Jn4" "

28. Chodédy s6 {u,} xac dinh b&i {

29. (Dé thi HSG Tinh Nghé An nim 2008 ). Cho phwong tinh: —x+n=0 (1). Chirngminhring: v&i mbin

X

e N* phuwong tiinh (1) c¢6 nghiém duy nhit, goi nghiém d6 1a x n. Xét ddy (xa), tim lim (Xn+1 - Xn).

Pap an: -
rmic 1= vi 1. 0COrT1
Véine N, xétf(x)= ————x+n ; xeR,
machnematlc 008"' 3 Il
f(x) = - M2008 4 o vxeRr

X

=> f(x) nghich bién trén R (1).

f(n)= —>0

Ta co: 2008 L
fln+1)=——-1<0
( ) 2008

=>f(x) =0 co nghifm x» € (n;n +1) (2).
T (1) va(2) => dpcm.

Tacé:xn-n = 1 >0 => x> n.
2008™

=>(0<xt-n< .
2008"

Mit khéc: lim — L~ =0 => lim(xa - n) = 0.
2008"

Khid6é lim (Xn-1-%n) =lim{[Xn+1-(n+1)]-Xn-n)+1}=1

MOT SO BAI TOAN TiM GIOT HAN KHI BIET CONG THU*C TONG QUAT CUA DAY SO .

u, =2
30. Cho day s6 (u, ): 9u,,-24 . -Tim limu, =?
u=———,n2
" 5u,,+13

Gidi :
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22
1
~ u == . . u
31. Choday s8 (u,): 179 .Tim lim
u =2u’ -1,Vn>2 1
n-1 1 u
HD : Tim dwgc: u, =cos vachuy: 0|4 <—= lim—=0
n n Xx—>+0 1)
1
lll:E
32. Cho day s6 (u,): .Tim lim 2"u,
! 2-2./1-u? noieo
u =" vn>2
2
[ .m
N sin_—
HD : Tim dwoc u, =sin ﬂ; suy ra: lim2".un:1im£ & T
2" 6 n—>+m n—+0 3 T 3
3.2"
33. Choday s8 (u,): 4o U vn>2 .Tim_ lim 2",
1+ 1+W
. T
HD: Tim dwgc u =ta
i 3.2™"
2
ulzg
34. Cho day s6 : .Tim 1
odayss (u,) . u im nLIEoZu
" 2(2n-1u _, +1
u, =1
35. Cho day s6 {7 ":lcnmw ) ==3T)
7 Felchers n' student:

u.=u +21i LN * ©
n+2 n

n+l’

HD: Tim dwoc un:%[(1+\/§)“_(1_\/§)"} .Suyra:

ﬁ[(“ﬁ)m—(l— )}_ (1—\6}“”

n+1: 4‘ — 1+\/§

o U 2 n n ~ n+l
L) () 1+1ﬁ_(1-1ﬁ)&+£J

S

2+1

u, =3
36. Chodaysd (u,)y ~_ B+u,, . -Tinh r}irgotl—“

u =—-7mr,
l—x/gun_1
HD: u, =tan%

37. Cho dédy s6 (u,)xac dinhnhwsau: u —\/2+ 2+42+.. 442 (ndiucidn). Tinh lim

LT
sin—
2

uz...un

u,.u,..u 1
L2270 =X, XX, =—

2" 2" .oom
sin

HD: Pjt: x =

2n+1

Tr. 224
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1
b ==
12

38. Choday s6 (b,): 1 1 . Chimg minh day hoi tuva tim limb_
b, == b + /bﬁ+— (n>1) o
2 4"

n+1

HD: Chingminh: b :i.cot nl
n 2n 2n+

rmaie— v i1 C.OoOorm

mathematics 4 teachers n
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PHAN V : HINH HOC KHONG GIAN

=

Cho hinh chép tam gidcdéu c6 thé tich1a 1. Tim gi4 tri 1&én nhit ciia ban kinh mat cAu ndi tiép hinh chép.

2. Chotirdién ABCD c6 : AB=a; CD=b; gbc gira AB va CD bing o . Khoang cach gitra AB va CD bing d. Tinh thé tich
khéi tir dién ABCD theo a,b,dva o .

3. Trong céc tir dién OABC c6 OA, OB, OC d6i mot vudng goc véi nhau va thé tich bang 36. Hay xac dinh ti dién sao

cho dién tich tam giac ABC nhd nhit.

4. Chohinh hop ABCD.A1B1C1D1 . Cac diém M, N di dong trén cac canh AD va BB1 sao cho %: I\I;I]f .Goil, ] 1an

1
lwot1a trung di€m céc canh AB, C1D1 . Chi'ng minh rang dwdrng thing MN ludn cit dwdrng thang IJ.

5. Goi O 1atAm ctia mét hinh tr dién déu . Tir m6t diém M batki trén mot mat cla t& dién, ta ha cac dwong vudng goc
téi ba mit con lai. Gia st K, L va N 1a chan cac dwong vudng géc néi trén. Chirng minh rang dudng thang OM di qua
trong tam tam giac KLN.

6. Cho hinh chép S.ABC. Tir diém O ndm trong tam gidc ABC ta v& cac dwong thadnglan lwo t song song véi cac canh
SA, SB, SC twongirng cat cdc mit (SBC), (SCA), (SAB) tai cac diém D,EF.

a) Chingminhrang: (S)AD +— DE +— DF =1

SB SC
b) Tim vi tri cia diém O trong tam giac ABC dé€ thé tich ctia hinh ch6p ODEF dat gi4 tri 16n nhit.

7. Cho hinh hop ABCD.A1B1C1D1 . Hdy xac dinh M thudéc dwomng chéo AC1 va diém N thudc dwong chéo B1D1 ciia mit
phdng A1B1C1D1 sao cho MN song song v&i A1D.

8. Cac diém M, N Ian lwotla trung diém ctia cac canh AC, SB ctia tir dién déu S.ABC. Trén cidc ASva CN ta chon cac
diém P, Q sao cho PQ // BM. Tinh & dai PQ biétrang canh clia tit dién bang 1.

9. Goi O la tim mat cau ndi tiép tt dién ABCD. Chirng minh réng néu ODC=90° thi c4c mit phing (OBD) va (OAD)
vuodng goc véi nhau.

10. Trong hinh chép tam gidcdéu S.ABC (dinh S) d6 dai cac canh d4y bang 6. D6 dai dwdrng cao SH = /15 . QuaB vé
mit phdng vudng goc véi AS, mit phidng nay cit SH tai O . Cac diém P, Q twong (g thudc cac canh AS va BC sao

cho PQ tiép xtc véi mit fad dAfe-0 BEakini bahg v THay t@ommt ctia doan PQ.

11. Cho hinh lap phlro'ngABCD A1B1C1D1 Canh bang a. Dlro'ng thang (d) di qua D1 vatam O cla mitphing BCC1B;1 .
Doan thing MN c6 trung diém K thudc dwdng thing (d) ; M thudc mdt phang (BCC1B1) ; N thudc mit day (ABCD).
Tinh gi4 tri bé nh4t cia @6 dai doan thang MN .

12. Cho tt dién ABPM thoa mén céc didukién: AM | BP; MAB=ABP=90"; 2AM.BP = AB? . Chitng minh riing mt
cau dwong kinh AB tiép xtc véi PM.

13. (Dé thi HSG Tinh Quang Ninh nim 2010 ) Cho diém O ¢ dinh vamot s6 thwc a khdng ddi . Mot hinh chép
S.ABC thay d5i théaman: OA=0B=0C=a;SA L 0A;SB_LOB;SC_LOC ; ASB=90"; BSC=60°;CSA =120° . Chirng
minh rang :

a. AABC vuong.
b. Khoang cach SO khong thay déi .

Gidi :
a) bat :SO = x.
Ta c6 : Cac tam giac OAS, OBS, 0CSvuéngnén: SA=SB=SC=+/x*-a’ .
Do d6: AB® =SA* +SB* =2(x* —a”) ; AC® =SA* +SC* —2SA.SC.cos120° =3(x* —a*) ;
BC* =SB® +SC* —2SB.SC.cos60’ = (x* —a®) = AC® = AB® + BC* hay tam giac ABC vudng i B.

b) Goi M latrung diém AC, do cac tam giac SAC, OAC1a c4c tam gidc cAn nén :
oy SM 1 AC
{OM 1 AC
Twong tw, goi N 14 trung diém AB, ta CM dwoc: AB LSO
Suyra: SO_L(ABC) .
Do d6 moi diém nam trén dudng thang SO déu
C cach déu A, B, C. Suy ra SO di qua tAm dwong
tron ngeai ti€p M cla tam gidc ABC.
Trong cac tam gidc vuéng ABCva SBO tacé k

— AC L (SOM)=> AC L 0S

o ,
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1 _1 1
2 2 2

thiee : { BM™ AB” BC _,
1 1 1

+_
BM? OB* BS?

1 01 1 1 1 1 1 1 . 3
= + =t — Dt =5+t >3 =2"=x=,/a
AB* BC* OB* BS* 2(x*-a’) x*-a* a* x’-a 2

14. (Dé thi HSG Tinh Vinh Phiic ndm 2010 ). Cho hinh chép S.ABCD c6day ABCD la hinh chit nhat, AB =a;
BC=a+/2 . Canh bén SA vudng géc véi day va SA=b . Goi M 12 trung diém SD, N 1a trung diém AD .
a) Chirng minh AC vudng goc véi mit phang (BMN)
b) Goi (P) la mitphéngdi qua B, M va cdt mdt phing (SAC) theo mdt dudrng thdng vudng géc véi BM .
Tinh theo a, b khadng cach tir S dén mit phang (P) .
Loi gidi -

© Dit AS=%;AB=y;AD=7 > Xy =yZ=2%=0;|X|=b;| ¥ |=a;| Z|=a2

Tac6é: AC=AD+AB= y+Z va BN=AN- AB—% -y

1, (a\/E)z

Do dé: R.ﬁﬁ:iz —y :T—aZ:O:ACJ_BN ,
. — 1 /

Laido: MN=—SA=MN L AC
: 2 / ] -

Hay : AC 1 (BMN)= AC L BM el
© Gid st (P) cit (SAC) theo giao tuyén (d) L BM ,,//’/ ________________
Ma do (d) va AC dngphing = (d)//(AC) D’/\ ‘‘‘‘
Goi 0=(AC)N(BD)

Trong mit phang (SDB) : -V
Qua I ké dwong thing (d) // (AC) cat SA SC Ian luogt

tai H, K.Mat phing (MHBK)1a gt phéng (P) can ding.
Lai vi:Ilatrongtam tam giac SDC va HK//ACnén :
SH_SK_SI_2 2

SC SA SO 3

Theo cong thirc tinh ty s thé tich tacé :

Vousk _SMSBSK 1 /- _SM SHSB_1

V... SDSBSA 3'V,, SDSCSB 3
2 \ a’b\2
= Voemn = Vs + Vsmns :EVSDBA :%:— (2)
. 1 1 1
Talai 8 Sy =Sy + Sy =5 MIHK +“BLHK =~ BMHK (3)
Ma: HKz%AC-%w/a +(av2)? _Z‘Ea W=H/I—TB=%(A—S+AD) AB—;(ﬁ +7)-§
- (W2 2
= (BMY =l(xz+zz)+y2:1b2+EaZ:>BM:M 4)
4 2 2
2 2
Tir (3), (4) suy ra: S, = ;“b ;63 Z[a a"3(b +6a’) (5)
Voo 18a2b\f _ 2J2ab

Tir (2), (5) suy ra: d(S,(P)) S 93.\/3“)2 o) \/3(b2 o)
15. ( Pé thi HSG Tinh Binh Phwé'c ndm 2010 ). Cho hinh lap phwong ABCD.A’B’C’D’ ¢6 canh bidng a. Trén AB 13y
diém M, trén CC’' 14y diém N, trén D’A’ 14y diém P sao cho: AM=CN=D'P=x(0<x<a).
a) CMR tam gidc MNP 1a tam giac du, tim x d€ dién tich tam gidc ndy nho nhét.

b) Khi x =% hay tinh thé tich khéi t dién B'MNP va ban kinh mat ciu ngoai tiép ti dién .
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16. (Dé thi HSG Tinh Ba Ria Viing Tau nim 2008 ). Cho tt dién ABCD c6 cac canh AB=BC=CD=DA=a,
AC=x;BD=y .Gid st akhong ddi, x4c dinh t& dién c6 thé tich 1én nhat.

17. (Dé thi HSG Tinh Ba Ria Viing Tau ndm 2009 ) Cho khdi t& dién ABCD c6 thé tich V. Piém M thudc mién trong
tam giac ABC. Cac duyng thdng qua M son gsong v&i DA, DB, DC theo thir tw cit cdc m it phdng (DBC), (DCA),
(DAB) twongiéngtai A1;B1;C1.

MA, MB, MC,

+ + =
DB DC
b) Tinh gia tri 1én nhédt cia khdi tr dién MA,B,C, khi M thay doi .

18. (Pé thi HSG Tinh Hai Phong nam 2010 ). Cho ti¥ dién OABC c6 0A, OB, OC d6i mot vudng goc . Goi o;B;y lan

lwot 12 goc tao b&i cdc mit phing OBC, OAC, OAB véi mat phidng (ABC).

a) Ching minhrang:

a) Chingminhring: tan®o+tan’f+tan’y+2=tan’ a.tan’B.tan’y
b) Giasir 0C=0A+0B . Chimg minh ring: OCA +0CB+ ACB=90°
19. (Dé thi HSG Tinh Nghé An nim 2008 ). Cho ¥ dién ABCD c6 AB = CD, AC = BD, AD = BC va mat phdng (CAB)
vudng goc véi mat phéng (D AB). Chirng minh ring: CotBCD.CotBDC = % &

Léigidi: Dat: BCD=a; BDC=
Taco:
BAC=BDC=p

AABC=ADCB=
ABC=BCD=a H

BAD=BCD=a
ACBD = AADB = @
ABD=CDB=§ D
Goi H 14 hinh chi€u ctia C1én AB. bat HC=x.
{ACBA = ADAB

(CBA)L (BDA)

= CH_LDH
M= ¢

Trong tam giac vuéng BHC : sma:—:> BC= = —AD
1IBC Lsine ! sino!

tana:H—C:i: BH = X .
BH tana

Trong tam giac vuéng AHC : sinB:H—C:>AC: e - X =BD
A sinf sinf

tan[3=H—C=i:>AH=
AH AH tanf}

X2 X2 X

Trong tam gidc BCD : CD* = BC* +BD? —ZBC.BD.COS(TC—(X—B)Z

cos(a+p) (1)

2 + .2 + . t .
sin“a  sin“f  sina sinf

Lai co:
HD? = AH? + AD* — 2AH.AD.cosa.

x2 x2 X

X
=>HD* = ——+——-2 .——.cosa. (2)
tan“f sin‘a  tanf sina
Ma tam giac CHD vuoéngnén:
W2 52 x* X X X X X X
CD* =CH’ +HD* = os(a+p)=x" + —5—+—5—-2—————.cosa
tan“f sin“a  tanf sina

. 2 + . 2 + . " .

sin“a sin°f  sina sinf
1

:>(1+c0t2oc)+(1+cot2B)+2(cotoc.cot[3—1)=1+c0t2B+(1+c0tzoc)—2cota.c0t[3:>cotoc.cotB=E

PAP AN AJIA SO GD&DT :
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Pit AD=BC=a,AC=BD=b,AB=CD=c,BAC=A,ABC=B,ACB=C.
Ta c6 AABC nhon va AABC = ADCB = ACDA = ABAD.
Suy ra BCD=ABC=B;ABD=BDC=CAB=A,(1)

Ha CM L AB, vi (CAB) L (DAB) nén CM L (DAB)= CM LMD =>CM*+DM* =CD’,(2).
ap dung dinh 1i cosin cho tam giac BMD ta duoc MD? = BM? + BD? —ZBM.BD.COS®,(3)

Tir (1), (2), (3) ta dwoc CM? + BM? + BD? — 2BM.BD.cos A = CD?
BC? + BD? —2BM.BD.cos A =CD? < a” + b® —2abcosA.cosB = ¢?

<> cosC=cosA.cosB < sinA.sinB=2cosA.cosB <> cotA.cotB :%.

20. (D& thi HSG Tinh Nghé An ndm 2008 ) .Cho khéi chép S. ABCD c6 dy ABCD 14 hinh binh hanh. Goi M, N, P 1an
lwot1a trung di€m cua céc canh AB, AD, SC. Chirng minh réng mit phing (MNP) chia kh&i chép S.ABCD thanh hai
phan c6 thé tich bang nhau.

J
B
21. (Dé thi HSG Tinh Nghé An nim 2009 ). Cho tam giac ABC, M 1a mé6t diém trong tam gidc ABC. Cac dwong
thdng qua M song song v&i AD, BD, CD twong (rng cit cac mat phang (BCD), (ACD), (ABD) lan luottai A’, B, C'.
Tim M sao cho MA'MB'MC' dat gia tri 1&6n nhit.

Loigidi1: bat Voaee = V5 Vaaep = VeiViuane = VeiVige =Va = Vy +Vp +V =V va:
D DA=a;BD=b;DC=c; MA'=x;MB'=y;MC'=z
. V L}
. Ta c6: —C=M=E=E ; twong tw : £:§;£:X:>§+X+E:1
> . vV dM,(ADB)) CD c V a Vb a b c
‘\\p dung bit dang thirc AM-GM : 1:§+X+5233/m:xyzsﬁ . D&u “=" xay ra
W \ \ a b ¢ abc 27
' x_y z_ 1
c a b ¢ 3
Do d6: MA'MB'MC' dat gia tri lén nhat khi va chi khi M 1a trong
Tam tam giac ABC.
Loi gidi 2 : bdt: DA=a;BD=b;DC=c; MA'=x;MB'=y;MC'=z2
Taco: AM=2 M DA-XDA; BM=-"MpB-Y DB ;
DA a DB b

PAP AN SO’ GD& DT :
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Trong mit phang (ABC) :

AM N BC = {A1}; BM N AC = {B1}, CM n AB = {C1}
Trong (DAA1):

Ké duong thdng quaM songsong véi AD cat DA+ tai A’

" MA, S
Xét tam gidc DAA1 c6 MA’ // AD nén MA'_MA, _ S
DA AA, S,
Twong tw tacod MB' = MB, = S amac M_C': MC, :SAﬂ
BBI SAABC DC Ccl SAABC
MA' MB' MC'
Suy ra o2 DB De (A0S +Syac +Swuas =Sasc)

MA' MB' MC' MA' MB' MC'
Tac) —+—+—>33}— —.——
DA DB DC DA DB DC

Suy ra MA’.MB’.MC’ < % DA.DB.DC (khong d6i)

Vay gia tri 16m nhat MA’ . MB’.MC’ 1a %DA.DB.DC, dat dwoc khi
MA'_MB'_MC'_1_ MA, MB, _MC _1
DA DB DC 3 AA, BB, CC, 3

Hay M la trong tdm tam giac ABC

1

22. (Tap chi THTT: T10/278; T10/288). Cho tit dién S.ABCv&i SA=a; SB =b ; SC = ¢. MOt mit phdng (o) thay ddi
di qua trong tdm cta ti dién cit cac canh SA, SB, SC tai cac diém SA, SB, SC tai cac diém D, E, F twong trng.

a) Tim g‘%&@.%w

b) Véi dk: a—b c= 1 tim glatnlo'nnlhatcua

SDSE SESF SF.SD
Loigidi: Pat: SD=x;SE=y;SF=z

= 1/ = =\ 1 SA | 1 az=
Glatrong tam ttdiénnén: SG=—(SA+SB+SC|)==| » —SD [=—| 2.—SD
78 ' 4( ) 4{ZSD } 4[Zx }
" « . a b c N
Do D,EF, G dong phangnén: —+—+—=4 . Twdbtacé :
Xy z

2
(a2 +b? +c2)[i2+iz+izj2(i+2+£j =16:>l+i+l2—16 - (1)
XX y° oz X y z

_a’+b’+c’

B 4a

a’+b’ +c
4b

_a’+bi+c

- 4c

23. (Pé thi HSG Tinh Nghé An nim 2009 ). Cho tir dién ABCD c6 d6 dai cac canh bdng 1. Goi M, N Ian lwgt1a trung
diém ctia BD, AC. Trén dudng thing AB 14y diém P, trén DN 18y diém Q sao cho PQ songsongvéi CM . Tinh d6 dai
PQ va thé tich kh 8i AMNP.
Loi gidi :

D&u bing xdy ra <<y =

— AP — _
Gidstr: AB=X;AC=y;AD=7 va: E:m;AQ:n.ACJr(l—n)AD

m
ST
1l

N =

Tacod: Xy=yzZ=

Luc do :
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— T n

Aczy;AM=5(§+2);A—P:m.§;ﬁg=n.ﬁ+(1—n)z§):5.y+(1—n)z A
Suy ra: ﬁ:m_ﬁzé(g_zgurz)

%:A—Q—A—P:—mm%wu—n)z

k
-m=—
2
v n 2 B
DoCM // PQ nén: PQ=kCM = E:—k Dk:—g
1—n=E
2
Vay : ﬁ=%(zy-i-i):ﬂﬁfzg(zy-i-z)z%:,PQ:

PAP AN AJA SO GD&DT :

Trong mit phing (ACM) ké NI // CM (I e AM)
Trong mit phang (BCD) ké BK // CM (K < CD)
Trong (ABD) DI cit AB tai P

Trong (AKD) DN cit AK tai Q

PQ la giao tuyén cua (DNI) va (ABK),
doNI//CM,BK // CM nén PQ // CM

rmacaie—vr
mathematics 4 teachers n' stuaents
Goi Elatrung diém PB, ME 1a duwtng trung binh tam gidc BPD nén ME // PD hay ME // P1
Mit khéc tir cach dung ta c6 14 trung diém AM nén P 1a trung diém AE.
Vay AP = PE = EB

AP 1
Suyra —==
AB 3
MCla dudng trung binh tam gidc DBK nén BK = 2CM = V3
Suy ra Ezﬁzl =PQ = lBK: ﬁ
BK AB 3 3 3
Vawwe _AM AN AP _11 1
v AM'AC AB 23 6

AMCB

Vames =% Vagcp (Do M la trung diém BD)

ABCD 1a tr dién déu c6 dod dai canh bang 1 nén V agep = % (dvtt)

12 2 2
Suy ra Vamcs = —.£:£ . Vay Vamnp = 1 V AMcB = i (dvtt)
2 12 24 6 144

24. (Pé dybikhdiD-2008). Cho tir dién ABCD va cac diém M, N, P lan lugt thudc cac canh BC, BD, AC sao cho
BC =4BM; AC =3AP; BD =2BN . Mit phdng (MNP) cit AD tai Q . Tinh ty s6 % vaty s6 thé tich hai phan ctia khéi

tr dién ABCD dwgc phan chia béi (MNP).
Loi gidi :

bat: ATa:B;AE:E;KB:a

Taco:
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ﬁ:4§ﬁ:(ﬁ—ﬁ)=4(AM AB):>AM=—b+ 1)

25.

26.

27.

28.

29,

30.

= %(B +d) 2

AC=3AP=AP-1¢ (3)

Do CD,IvaM, N, Ithdnghangnén :
AI—mAC+(1 m)AD
Al=nAM + (1-n)AN

= mé+(1-m)d= {§b+lé}+(1—n){16+—
4 4 2

n
m=— o
4 n__2 | 2AI=3AD-AC D _1
1-n 2DI=CD Ic 3
=>4q1-m= = 1= Al=-2AM+3AN =
2 m=—— NI=2MN IN 2
2 — 1- 3= ==
3n 1-n I=——c+—d IM 3
-t =0 2 2
4 2
Giastr: TQ:kﬁ) .Do P, Q, I thing hang nén:
p 1-p 3
20 — pAP P -1, .3:)_ |3 2 T T I I
AQ=pAP+(1-p)Al=>kd=>C+(1-p)| ——c+-d|= = = 5AQ =3AP + 2Al = 3PQ = 2QI
3 z 2 3(1-p) 3
k k==
2 5
Ql 3
Suyra: ===
d Pl 5
Vv \Y
Talaico: ~ew QINID 321 2 _ Yowen 13,
v IPIMIC 533 15 Vv, 15
Ma: Vaeo _ 4(A/(BED)YSE:) CAT BRI TP 2 Lo CONT)

Vowa  d(P,(MIC)) Sy 1 PG MCCLsinC 2,313- .3 1

Vv V
Tir (4)va(5)suyra: Mzgizgjng
154 20 V 7

ABCD ABMPQN

(Dé thi HSG Tinh Ha Tinh nam 2008). Cho hinh chép t gidc déu S.ABCD c6 goc giira mdtbénvadayla o.VE
duwodng cao SH ctia hinh chép, goi E 13 diém thudc SH va c6 khoang cach téi hai mat phdng (ABCD) va (SCD) bang
nhau . Mit phdng (P) di qua E, C, D ct SA, SBtai M, N.

a) Thiétdiénlahinhgi ?

b) Goi thé tich cac khéi ti dién S.NMCD va ABCDNM Ian lwotla Vi, Va . Tim o d& 3V2 =5V;.
(Dé thi chon PT HSG QG tinh Quang Binh nim 2010 ). Cho tit dién ABCD . Goi trung diém ctia AB, CD l4n lwot
1aK, L. Chirng minh rang bAt ky mat phdng nao di qua KL déu chia khdi tt dién nay thanh 2 phan c6 thé tich bang
nhau.
(Dé thi HSG Thanh Phd Cin Tho' nam 2008 ). Trong khong gian cho hinh chép S.ABC, tong tAm ABCI1aG.
Trung di€ém cta SG1a1. Mat phang (o) diqual cdt c4c tia SA, SB, SClanlwottai M, N, P (Khong tring vdi S) . Xac
dinh vi tri cha matphang (o) dé thé tich khdi chép S.PMN la nho nhit.
(Pé thi HSG Tinh Hai Dwong nam 2008 ) . Cho hinh lap phwong ABCD.A,B,C,D, canh bang 1. Liy cac diém M,
N, P,Q, R, S lan lwgt thudc cdc canh AD, AB, BB1, B1C1, C1D1, DD 1. Tim gid tri nhd nhit cta d6 dai dwong gip
khtc khép kin MNPQRSM .
Cho hinh chép t¥ gidc S.ABCD, c6 day ABCD la mgt hinh binh hanh. Goi Glatrong tim cta tam giac SAC. M lamot
diém thay d6i trong mién hinh binh hanh ABCD .Tia MG cit mit bén ctia hinh ch6p S.ABCD tai diém N .
MG NG

+

NG MG

a) Tim titcda cacvitri cia diém M sao cho Q dat gi4 tri nho nhét.

b) Tim gia tri 1én nhitcia Q.
Trong mit phang (P) cho tam giac ABC. Lay diém S khong thudc (P) . NGi SA, SB, SC. I1a mot diém bat ky trong
tam giac, goi Al cit BCtai A1, Clcit ABtai C1,BIcitACtai B1.K&IA2//SA, IB2//SB,1C2//SC
SA, B,  SC, .
AIAZ BIBZ C1C2

Pit:Q =

(A, (SBC);B, €(SAC);C, €(SAB)) . CMR:
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31. ( bé thi HSG Tinh Péng Thap niam 2009 ) .Cho hinh chép S. ABCD cday ABCD la ira luc gidc déu noi tiép
duong tron dwong kinh AD = 2a. SA vuong géc véi mp’ (ABCD )vaSA =a J6.
a) Tinh khodng céachtir AvaB dén mp’ (SCD).
b) Tinh dién tich ctia thiét dién ctia hinh chép S.ABCD v&i mp’( o) song song véi mp’( SAD) va cach

a3

mp’(SAD) mot khoang bang 4

32. Cho tir dién OABC véi OA =3, OB =b, 0C=cvaOA, OB, OC déi mot vudng goc véi nhau. Tinh dién tich tam giac
ABC theo a, b, c. Goi «,B,y lagoc gitra OA, OB, OC véi mit phang ( ABC). Chirng minh rang:
sin® o +sin*B+sin’y=1.

33. Cho hai nira dwong théng Ax, By chéo nhau va nhan AB 1am doan vudng géc chung. Cac diém M, N 1an lwot chuyén
déng trén Ax, By sao cho AM+BN = MN . Goi O 1a trung diém AB, H 1a hinh chiéu ctia O xuéng MN .

a) Chirng minh rang H ndm trén mot dwong tron cd dinh.

35. Khi M khac A, N khac B

36. Cho hinh 1ap phwong ABCD.A’B’C’D’ c6 céc canh bing a. V&i M 1 mot diém thudc canh AB, chon diém N thudc canh
D’C’ sao cho AM+D’N=a
a). Chirng minh dwong thdng MN ludn di qua 1 diém c6 dinh khi M thay dai.

b) . Tinh thé tich ctia khdi chép B’.A'MCN theo a. Xac dinh vi tri ciia M d€ khoang cach tir B t&i (A'MCN) dat gia tri
16n nhit Tinh khodng cich 16m nhét d6 theo a.

37. Cho hinh tir dién OABC
a) Goi M 1a mot diém bat ky thudc mién trong cia hinh t¥ dién OABC vax 1; X2; X3; X4; 1An lwot 12 khoang cach

tir M dén bén mit (ABC), (OBC), (0AC) va (0OAB). Goi h1; h2; h3; hsa 1an lwgt1a chiéu cao ctia cac hinh chép tam giéc

0.ABC; A.OBC; B.OACva C.0AB.

X, X,

o X X N .
Ching minh téng 2 +-—%+—2+% lJamothangsa.
h, h, h, h,

b) Cac tia OA, OB, OC d6i mot hop véi nhau m & ot goc 600, OA = a. G6c BAC bang 900.

P4t 0B+0C = m. (m Lola L%?éﬁﬁg-rm Yol Tinh'ﬁtﬁ;amcén OABC theo m va a

45. Cho tir dién ABCD c6 d6 dai cac-canh AB; €D4én hon-hva-dd dai cac canh conslai nhé hon hodc bang 1. Goi H 1a
hinh chiéu ctia A trén mit phang (BCD); F, K 1an lwot 1a hinh chiéu cta A, B trén dwong thang CD.

2
a) Chirngminh: AF < 1/ 1- C4D .

b) Tinh do dai cic canh cta t& dién ABCD khi tich P = AH.BK.CD dat gia tri 1&m nhiat
46. a) Cho hinh chép S.ABC c6ddy AABC vudngtai A, biét AB=a, AC = ay/3; Duomg cao hinh chépla SA=a+/3 ;Mla

diém trén doan BC sao cho BM = %BC. Tinh khodng cach gitra hai dudrng thing AM va BS

b) Cho hai nita dudrng thang Ax, By chéo nhau. Hai diém C, D thay d6i Ian lvot & trén Ax va By sao cho:
%+% :% .Chtrng minh rdng: mit phdng (P) chtta CD va song song véi AB ludn luén di qua mot diém cé dinh I
trong mit phdng (Q) chira Ax va (Q) song song By.

47. (Peé thi HSG Tinh Tra Vinh ndm 2009 ) .Cho hinh ch6p tam gidcdéu S.ABC cé canh day AB=a, canh bén SA=b.
Goi M,N 1an lwgtla trung diém AB va SC. MOt mt phang ( o) thay d6i quay xung quanh MN cét cac canh SA va BC
theo tht tw & P va Q khong trung véi S.

1) Chirng minh ring ?:E

a

2) Xac dinh ti s0 % sao cho dién tich MPNQ nho6 nhit

48. Cho tir dién ABCD c6 ban kinh duwdng tron ngoai tié€p cadc mit déu bang nhau. Chirng minh rang cac canh déi dién
cla tir dién déu bing nhau.
49. Cho tir dién ABCD c¢6 cac dwong cao AA';BB';CC;DD' dong quy tai mot diém thudc mién trong ctia tir dién. Cac
duwongthing AA';BB';CC';DD' lai cit mit cAu ngoai tiép tir dién ABCD theo tht tw 12 A;;B;C;D, -
AA' BB' C 'CDD'_8
—t—F —
AA, BB, CC, DD

1 1_3
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50. Cho ttr dién ABCD c6 AB vudng goc véi AC va chan dwdrng vudng goc ha tir A dén mit phang (BCD) 1a truc tAm tam
gidc BCD . Chimg minh réing : (BC+CD+DB)’ <6(AB? + AD* + AC?)
51. (Dé thi HSG TP Ha Noi nam 2004 ) . Cho t& dién ABCD DA=a, DB=b, DC=c d6i mdtvudng géc véi nhau.Mot diém
M tuy ¥ thudc khéi tir dién.
a) .Goi cac goc tao béi tia DM véi DA, DB, DCIa o,B.y .CMR: sin® o+ sin®p+sin’y =2
b) .Goi S,,S,,S.,S, lan lwotla dig¢n tich cdc mdt d6i dién véi dinh A, B, C, D ctia khdi tw dién. Tim gid tri

nho nhat ctia biéu thirc: Q=MAS, + MBS, + MCS, + MDS,
52. (Dé thi HSG TP Ha Ngi ndm 2005 ) .Hinh chép S.ABC c6 cac @anh bén ddi motvudng goc va SA =a, SB=b, SC=c.
Goi A, B, C' 1a cac diém di donglan lwot thudc cic canh SA, SB, SC nhungluén thda man SA.SA’ =SB.SB’=SC.SC'. Goi
H 12 trwee tAm ctia tam giac A’B’C’ va1la giao diém cta SH véi mit phdng (ABC).
a) Chirng minh mitphdng (A’B’C’) song song v&éi mot mit phdng c6 dinh va H thudc mdt dudrng thing cd dinh.
b) Tinh IA2+IB2+IC2 theo a, b, c.
53. (Deé thi HSG TP Ha Ndi nam 2006 ) .Cho tit dién déu ABCD c6 canh bang 1. C4c dién M, N 14n lwo't chuy én dong
trén cac doan AB, AC sao cho mit phdng (DMN) luén vudng gbc véi m it phang (ABC). Pat AM=x, AN=y.
a) .Cmr: mit phing (DMN) ludn chira mdt dwong phingcd dinhva :x +y = 3xy.
b) .X4c dinh vi tri cia M, N d€ dién tich toan phan ti dién ADMN dat gia tri nho nhit valén nhit Tinh cac gia tri do.
54. (Pé thi HSG TP Ha N§i nam 2008 ). Cho hinh chép S.ABCD c6 SA ladwong cao va day 1a hinh chi nhat ABCD,
biét SA=a, AB=b, AD =c.
a) Trong mitphing (SBD), vé qua trong tdm G ctia tam giac SBD mot dwdrng thing cit canh SB tai M va cit
canh SD tai N. Mat phdng (AMN) cit canh SC ctia hinh chép S.ABCD ti K. Xac dinh vi tri cia M trén canh
SB sao cho thé tich ctia hinh chép S.AMKN dat gia tri I6n nhit, nhé nhit. Tinh cac gia tri d6 theo a, b, c.
b) Trong mitphdng (ABD), trén tia Atla phan giac trong ciia géc BAD ta chon mét diém E sao cho géc BED

Z(b2 +c2)+\/§(b+c)
2
55. Cho hinh chép S.ABCD,day la hinh binh hanh tdm O. Hai niit bén SAB va SCD vudng géc tai A va C cung hgp véi
day goc o . Biét ABC= ¢ . Chirng minh SBC va SAD cung hop véi ddy ABCD mot géc § théa man hé thirc:
cotp = cota.cos@. rmoaie kv i1  C.OoOorm

56. Cho hinh chop S.ABC,ddy, ABG 3 tam gidc.vudng ui Bv@i AB=3, SA.vudng.goc voi mat phing (ABC) ; mit (SAC)
hop véi mat phing (SAB) mot goc o va hgp véi mdt phdng (SBC) mot goc . Chirng minh rang :

béng 450, Cmr: AE=

acosf

Jeos[n— (o +P)].cos(a— )
57. Cho hinh chép S.ABCD c6ddy ABCD 1a hinh chit nhat; SA vudng géc véi mit phang

SA=
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PHAN VI: MOT SO PE KIEM TRA POI TUYEN

SO’ GD&DPT NGHE AN
TRUONG THPT PANG THUCHU'A
Gido vién ra dé : Pham Kim Chung

BAI KIEM TRA CHAT LUO'NG POI TUYEN THAM GIA KY THI HSG TINH
NAM HOC 2010 - 2011
(Lanthir 1)
Thoi gian lam bai : 180 phut

Cau 1. Gidi phuong trinh  : In(x+ 1)2(”1) =x*+2x
Cau 2 . Xac dinh tit ca cac gia tri cia tham s6 m dé hé phwong trinh sau c6 nghiém duy nhat :
2

2% =y +
y
2
2yt =x+
X
Cau 3. Cho a,b,c>0 . Tim gia tri nhé nhit cia biéu thirc :
_ 4a N b+3c 3 8c
a+b+2c 2a+b+c a+b+3c
Cau 4 . Cho day s6(xn),neN* , dwoc xac dinh nhu sau: x, _2 vax :#, vneN* .Dat
3 22n+1)x +1

Yo =X 4%+t X, T iy S = oM

Cau 5. Cho hinh chép S.ABCD c6 SA la dw o'ng cao va day la hinh chit nhat ABCD, biét SA=a, AB =b,
AD = c. Trong mat phang (SBD), vé qua trong tAm G ctia tam gidc SBD mot duwong thang cat canh SB
tai M va cat canh SD tai N. Mit phang (AMN) cat canh SC cia hinh chép S.ABCD tai K. Xac dinh vi trf
cia M trén canh SB sao cho thé tich cta hinh chop S.AMKN dat gia tri 1&n nhit, nhé nhit. Tinh cac
gia tri do theo a, b, c.

Cau 6 . Cho hinh 14p phwong ABCD.A,B,C,D, c6 dd daibang 1 .L4y di€ém EeAA, sao cho AE:%. Lay

diém FeBC sao cho BF =% . Tim khoang cich tir B, dén mdt phang FEO ( O la tAm cta hinh lap

phwong ).

Cau 7. Tim ham s6 f:(0;+0)—(0;+) thod man :

xf (xf(y))=f(f(y)), Vx,y €(0;+%0)
Hét

Thanh Chwong ,ngay 03 thdng 12 ndm 2010
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HU'O'NG DAN GIAI VA PAPSO

2(x+1) _

Cau 1. Gidi phwong trinh : In(x+1) x* +2x (1)

Loi gidi : Diéukién: x>-1

Licd6: PT < 2(x+1DIn(x+1)=x"+2x < 2(x+ DIn(x+1)-x* -2x=0
Xétham $6: f(x)=2(x+1)In(x+1)-x* -2x,x>-1

Tacé: f'(x)=2In(x+1)-2x;

f"(X):i—ZZ -2x ;
x+1 x+1
f'""(x)=- 21 > <0,Vx>-1

Laico: f"(0)=0,f""(0)<0 nénhamsé g(x)=f'(x) datcwc daitai x=0

Dodé: f'(x)<f'(0)=0,vx>-1

Vay ham s8 f(x)=2(x+1)In(x+1)—x* —2x nghich bién trén khoang (-1;+ oo) .Nhan thdy x =0 la mdt nghiém cta
phwong tinh (1), suy ra phwong tinh ¢6 nghiém duy nhdt x=0.

Ciu 2 . X4c dinh tit ca cac gid tri cia tham s6 m dé hé phwong trinh sau :

2

m

2xXF =y +—

c:uizmgm@ms;_(::m
chers n' students

I Q_yz'zlxl_’_drn_ 4 tea
X

Loigidi: Piéukién: x#0;y #0

2x’y =y* +m”*

Hé da cho twong duong voi : { ™)

2y°x =x* + m*
Tt hé (*) nhan thiy vé trai cia cac phwong trinh khéng 4m, nén néu hé c6 nghiém (x,y) thi: x>0;y >0
x>0,y>0
Dodé: (*) <= 22X’y —y*=m’ <:>{ 3y=2x>02
@y exeyy=0 o X W
Do d6 bai toadn tiy thanh tim tham s6 m d€ phuwong trinh (1) ¢6 nghiém dwong duy nhét.
Xéthams§: f(x)=2x’-x*, Vx>0

0
Tacd: f'(x)=6x" -2x;f'(x)=0< 1
3

[
=]

=] m||-l
J

i(x) - 2E

| i
_ 27
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Nhin vao bang bién thién ta thdy, phwong trinh (1) c6 nghiém dwong duy nhat khi va chi khi: m®>0 . Vay v&i moi
meR hé phwong trinh di cho c6 nghiém duy nhét.

Cau 3. Cho a,b,c>0 . Tim gi4 tri nhé nhat ctia biéu thic :

_ 43 N b+3c B 8c
a+b+2c 2a+b+c a+b+3c

Lovi gidi :
x=a+b+2c a=y+z-2x
bit: <y=2a+b+c=<b=5x-y-3z(x,y,2>0)
Z=a+b+3c c=z-X
Luc doé:
4y +z—-2x — —
po ), 2x-y 8 X)=(4—y+2—XJ+(4Z BXJ 172 28 +2432-17 =122 -17
X y z Xy X
_—4+3\/§t
2
D4u “=" xdy ra khi va chi khi : Zy:\/ix = bzﬂt(t eR.t>0)
2222\/5)( 2
c=(\/§—1)t

rmoae_r—"VYI IQ(:JIII

Cau 4 . Cho day s6 neN* d o'cxacdlnh nhu‘sau Zva, X .. —,VneN*.Bét

S5 (x,)meN. che "R Dx, +1 '
Y, =X, +X, +..+x_ . Tim limy
Loi gidi :

X 1 1 1 \ _3

Ti: Xml:zz—l“l: =2(2n+1)+—.Pat: v, =— ,tacd: 12

(2n+1)x, + Xon Xn Uy V., =2(2n+1)+v,
Dé dang tim dwogc cong thirc tdng quat chiaday : v, W
Dodé: x ,, = ! = t 1 = L ! suyra:

\% 2n+1 2n+3 2n+1 2(n+1)+1

n+1

1 1 1 1 1 1 1
V=X +X,+..+X =X + - + - +..t - =1+
2+1 2.2+1 22+1 23+1 2(n-1)+1 2n+1 Z2n+1

Dodé: limy =lim|1- ! =1
n—>+o n—>+om 2n+1

Cau 5 . Cho hinh ch6p S.ABCD c6 SA ladwong cao va ddy 1a hinh chit nh4t ABCD biét SA=a, AB=b, AD =c.
Trong mit phing (SBD) vé qua trong tAm G ciia tam gidc SBD mot dudrng thang cit canh SB tai M va cit canh
SD tai N. Mat ph&ng (AMN) cét canh SC ctia hinh chép S.ABCD tai K. Xac dinh vi trf ctia M trén canh SB sao cho
thé tich ctia hinh ch6p S.AMKN dat gia tri 16n nhit nhé nhat Tinh cac gia tri d6 theo a, b, c.

Loi gidi :
Do G la trong tAm tam giac SDB, suy ra G ciing 12 trong tAm tam giac SAC. Do d6 AG cat SC tai trung diém K ctia SC.
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SM SN 1 1 y<1 j

bat : — =X, —=y | =<x<1;—
SB SD 2 2

o V. V.
Theo céng thirc tinh ty s6 thé tich ta c6 : Vs SA SN SK_ ¥, Vouo —%% SM_x

Vype SA'SD'SC 2°V,, SA'SC'SB 2

1 1 N N .
VSADC = Vsacp :EVSABC :gabc \CE VSANK +VSAKM :VSANKM -Néntaco:
Viank +VSAKM _ 2V i _ X+y =V, = abc(x+y) *)
VSADC VSACB VSABCD 2 1 2
Talai cé:
SN =N55 - ySD; SM = MSE - x8B; 56 = 256
SD SB 3
Vi 0 latrungdiém cta BD nén : ZS—O:ST)+§:>S—:3iﬁ+3iS—M (10
y X
Ma:M, N, G thing hang nén tir (1) tacé:
i+i:1:>x:L lSyS1
3y 3x 3y—-1\2
’_J -=»B
abc(3 Y 1+y] be v? g -
Y y_ abcC y s ~
Thay vao (*) suyra: V. = =
y vao (*) suy SANKM o 8 3y 1
vt (1
Xéthamso: f(y)= —<y<1
) 3y 1 (2 y ]
3y% 2 2 e ¢
Tacé: f'(y)=2—"L;f'(y)=0=y==.
(3y-1) 3
Bang bién thién M= V) .M
2
X 0 1
F(x) ' |

=1 |

1
2
1

Nhin vao bang bién thién ta thay : Minf(y):%@y:%; Maxf(y):%@ y=
y

Twrdotaco:

abc
Max (Vgyon ) = 5 SMN //BD

Min(V, ):% <> M 1a trung diém SB, hodc N 1a trung dém SD.

SANKM

=

Cau 6 . Cho hinh lap phwong ABCD.A,B,C,D, c6 d6 dai bang1. L4y diém Ee AA, sao cho AE=—.Ldy diém

w

F € BC sao cho BF =% . Tim khoang cach tir B, dén mit phang FEO (O latam ctia hinh 1ap phuong).

Loi gidi : Chon heé truc toa dd Ixyz sao cho 1= A(0;0;0);A,(0;0;1);D(1;0;0);B(0;1;0)
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Lic d6: 0 la trung dém ACnén of £; 5,1, g ;0.2 ;[ 25150 ;B (0;1;1)
2'2"2 3) (4

Mit phdng (O EF) di qua O va nhan vécto [O—E,O—FJ :(%;—%;—%j lam vécto phép tuyén nén c6 phwong trinh :
A By
1(_ 1) 5 1) 3( 1 5
—|x—=|-—|y—-——=|-=|z—=|=0hay: 8x-5y—-9z+3=0 I
3( zj 24[y 2) 8( zJ d y k! F
—5-9+3 R
Vay : d(Bl;(OEF))= | | U & Y 1T,
82+52+92 /170 I' \\‘ !"f
| %0
Bl
‘(\’k'_ _______ \T\_____::::;I;::_\ ------ B
4"”” \\\ F
D™ C
Cau 7. Tim ham s8 f:(0;+00)— (0;+o0) thodman: xf(xf(y))="F(f(y)), Vx,y €(0;+0)
Lovi gidi :
Choy=1,suyra : xf(xf(l)):f(f(l]) .Pdt f(1)=a,taco: xf(ax)=f(a) (1)
Tir (1) cho x=2, suy ra: LATEA@SHEzF— V) . COrm
a a
mathematics 4 teachers n' students
Cling twr (1) cho ta : f(ax)=— (2)
X
Tt (2) cho ax:yzf(y):3
y
Thir lai ta thay f(y)=2(a>0) la ham s6 can tim .
y
Tr.374
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SO’ GD&PT NGHE AN
TRUONG THPT PANG THUC HU’ A
Gido vién ra dé : Pham Kim Chung (PS&GT) - Nguyén Thi Théa (HH)

BAI KIEM TRA CHAT LUO'NG POI TUYEN THAM GIA KY THI HSG TINH
NAM HOQC 2010 - 2011
(Lan thir 2)
Thoi gian lam bai : 180 phut

Cau 1. Giai phwong trinh: +/3x+3-+/5-2x —x> +3x* +10x-26=0

Cau 2. Tim tit ca cic gia tri cia tham s6 m dé hé phwong trinh sau c6 nghiém

log2x—4/log?y +1=2m-3
logly —4/logZx+1=2m-3

Cau 3. Cho a, b, ¢ dwong thod man ab+bc+ca=abc. Chitng minh rang
b ¢ a 1 1 1
PO P
Cau 4. Cho hamsé f(x)=x"+ax®+bx*+cx+d . Ta ki hiéu dao ham bicn (n nguyén dwong ) cla
f(x) 1a f®(x) . Chirng minh rang néu f(x) >0, ¥xeR thi:
F(x) =f(x)+fP(x)+f? + P (x)+fP(x)>0,vx eR
Cau 5. Cho tr dién ABCD c6DA vudng goc véi mat phang (ABC), tam gidc DAB can va day ABC la

tam giac vuong tai B c6 FQQ‘ u. %1 |§ l_g_:)gvagrkuxk h&ﬂﬁﬁg{DAC Va DBC) Chirng minh

1+cas? e ema
rang tano.tanf=————.

cosal
Cau 6. Cho hinh 1ip phwong ABCD.A'B'C'D' canh a.Vé&i M 1a mét diém thudc canh AB chon diém
N thudc canh D'C' sao cho AM+D'N=a. Tinh thé tich khdi chép B'.A'MCN theo a va xac dinh vi tri
cta diém Mdé khoang cach tir diém B' dén mat phang (A'MCN) dat gia tri 16n nhat

f(1)=1
Ciau 7. Chohams o f:R—R thda min hé diéu kién : < f(x+y)=f(x)+f(y)+2xy,Vx,yeR.
f[lj:f(f), Vx#0

X X

2f1(x) —31+£(x)
Tinh gi¢i han: L=Ilim<
0 In(1+£(x)

Thanh Chwong, ngay 10 thdng 12 ndm 2010
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HUO'NG DAN GIAI VA PAP SO

Cau 1. Giai phwongtrinh: +/3x+3 —+/5-2x —x* +3x* +10x-26=0

Loi gidi : DK : —1SXS§

PT@(x/3x+3—3)—(\/5—2x —1)—(x—2)(x2 ~x-12)=0
3(x-2) 2(x-2)

= +
V3x+3+3 +5-2x+1

<:>(X—2)|: 3 2

+
V3x+3+3 +5-2x+1

Xétham s : f(x)=-x"+x+12,x¢€ [—1; ;}

—(x-2)(x*-x-12)=0

—[xZ—X—12)}=O

Taco: f'(x)=-2x+1, f'(x):O<:>x:l .Suyra: Minf(x)=Min{f(—l);f(é}f(l]}=f(5)>0
2 {71;5 2 2 2

2
3 2

+
V3x+3+3 5-2x+1
Vay phuong trinh cé nghiém duy nhit: x=2.

Do db:

—(x*-x-12)>0,Vxe {—1;;}

log2x—,/logiy+1=2m-3
logly —4/logZx+1=2m-3

Loigidi : PK: x,y >0 rmoae v I 1.C.Oorm

mathematics 4 teachers n' students
u=./log’x+1 I 2 _y=2m-—
Dit: X7 (421,v>1) . Liic d6 hé PT tré thanh ; {“ v=2m-2 (1)

v=.llogiy+1 v —u=2m-2 (2)

Ldy (1)-(2), tac6: (u—v)(u+v+1)=0=u=v (Doutv+1>0 Vu,v>1)

Cau 2. Tim tit ca c4c gia tri ctia tham s6 m dé hé phwong trinh sau c¢6 nghiém

Ltc d6 bai to4n tir thanh im m dé phwong trinh: u?> —u=2m-2 c6 nghiém u>1 .

Xéthams§: f(u)=u’-u+2,tacé: f'(u)=2u-1>0,Vu>1. Va lim f(u)=+owo .

u—>+o0

Do dé, PT trén c6 ngh#m u>1 khivachikhi 2m=f(u)>f(1)=2=>m>1

Cau 3. Cho a, b, c dwongthodméan ab+bc+ca=abc. Chirng minh rﬁng:%+§+323(i+ L +l]
a

c? a’ b* ¢

Loi gidi : Tacé: ab+bc+ca:abc:l+%+1:1.Dét: l=x,%=y,1=z:>x+y+z=1(x,y,z>0).Béitdfmgthl'rc
a c a c
XZ 2 ZZ
can chirng minh tré thanh : —+y—+—23(x2+y2+zz).
y z X
4 4

4 2 2 242
Ap dung BPT Svac-xo'tacé : VT:XT+yT+ZTZM .
Xy yzZ z°X XYy+yzZ+zX

2 g2 g2 (x+y+z)(x*+y* +2°
ey ( )

2

Ta sé chirng minh : 5 5 5 5 5
Xy+yz+z°x Xy+yz+zX

23 (do x+y+z=1)

o xXP+xy? +y° +yz’ +zx’ +2° 22Xy +y'z+7°x) (%)
Theo bit ddng thirc AM-GM tacé : x° +xy* > 2x"y* =2x%y; y° +yz’ >2./y'z’; 2° +zx* >2vz"'x* . Congcac BDT trén
ta chirng minh dwoc (*). Vay : VT >3(x* +y* +z°) . dpcm
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Cau 4. Cho ham s8 f(x)=x"+ax’ +bx* +cx+d . Taki hiéu dao ham bac n ( n nguyén dwong) chaf(x) 1a f™(x) .
Chirng minh rangnéu f(x) >0, VxeR thi: F(x)=f(x)+f"(x)+f? +fP(x)+f*(x)>0,vxeR

Loigidi: Tacéd:F(x)lahambic4va : lim F(x)=+o0, honnita phwong trinh bac 3 : F'(x)=0 ludén c6 nghm. Do dé

ham s6 y = F(x) ludn c6 GTNN 1a gid tri cwc ti€u ctia ham sé .
Gid str ham s6 dat cuc tiéu tai x=x, -

Licdé: F'(x,)=0suyra: 0=F'(x,)="f"(x,)+f*(x,)+f(x,)+f*(x,)=F(x,)—f(x,)
=F(x,)=f(x,)>0 (Dof(x)>0, VxeR)
Twdotaco: F(x)>F(x,)>0,vxeR

Cau 5. Cho tir dién ABCD c6 DA vudng goc véi mit phdng (ABC),tam gidc DAB cin va ddy ABC 1a tam gi4c vudng tai

— / 2
B c6 BAC=a.. Goi B 1agoc tao béi hai mat phing (DAC) va (DBC). Ching minh rang : tanc.tanp _Ml*costa
cosa

Loi gidi : bit DA = x. Goi K13 hinh chiéu ciia A1én DB, tir K ké
KH vudéng géc véi DCtai H. Tacé :
{DAJ_BC BC L DB

.Suyra:
AB 1 BC BC L AK

= BCJ_(DAB):>{

. C AK 1 KH

AK 1 (DBC)=
DC L AK

— DC 1 (AHK)= AH 1 DC

Dodé: AHK=p = tanp=—X (1)

=Y ) L OOrmM
s B AB X
Trong tam giac ABC.: tano.=—=BCzAB.tang =x;tana ; cosa=—= AC=

bs M0ea et BT U ERR ST cosa

? Trongtamgiac ADB: —~ = L 4 1 _ A XV2 5y, pp_ JAD? + AB? =v2x
AK* AD* AB’ 2
Trong tam giac ADC:
1 1 1 1 2 2 s
2 e 2:_2_‘_“)520(3‘/'\1'[2:X—2 DDHZZADZ—AHZ:XZ——X =DH= Xcosa
AH® AD° AC" x

X 1+cos’a 1+cos’a J1 + cos?a

xtana).xcosa
Xéthai tam gidc vuéng: DHK ~ DBC:%:%: HK = BCDH _ ( )

= (3)
BC BD 1+ cos?an/2x
N , AK 2 \2xA1 2 V1 2
Tir (1), (2), (3) tacd: = tanB=-—= Xf.fj‘ TS % tanontanp=-"% (dpcm)
HK 2 X“.tano.cosa, coso

Cau 6. Cho hinh l4p phwong ABCD.A'B'C'D' canh a.Véi M 1a mot diém thudc canh AB chon diém N thudc canh D'C'
sao cho AM+D'N =a. Tinh thé tich khdi chép B'.A'MCN theo a vaxac dinh vi tri cia diém M d€ khoang cach tir diém
B' dén mitphang (A'MCN) datgia tri 16n nhét .

Loi gidi : X Chon hé truc toa d6 Oxyz nhw hinh v§, véi :
A'=0(0;0;0); B'(a,0,0); D'(0;a;0); A(0;0;-a)

, Pit AM=x(0<x<a)=>D'N=a-x.Licddtaco:

R

AM=AA+AM= M(x;0;-a) ;
\ R:F'B+ﬂ3+ﬁ:qa;a;—a)

i o A'N=AD+D'N= N(a-x;a;0)
; 3 SN N A D Talai c6:
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v

o a1l Y am [ ae
e = Vewne + Vamen = ‘AM.[AB;AC]‘+E‘AN (A c}‘

a 0

a a

_Oa

; )
a —a

—= 1 1 a’

N . mLAC | —(0-a%:42 =¥+ 2g3 =2 tt
Ma: [AB, C]—[ 4 a J—(O,a ;a ) Dodé: V,pyey = | a |+6|a| 3 (dv.tt)
Lai c6: A'M=NC, suy ra tr gidc A’'MCN la hinh binh hanh . Do d6 :

Samen = H:m'm}

:\/a4 +a’(a—x)’ +x‘a’ :a\/Z(a2 —ax+x2) .Nén:

3V 2 2
d(B',(A'MCN))z B.AMCN _ a _ a < a\/g

S Anmen \/2(32_3X+X2)_\/2{?’312+(512—ax+xzﬂ_ 3\/—.
J (2 /]

4
D4u “=" x4y rakhi va chi khi: x :% hay M 14 trunjg di€ém ctia AB .

f(1)=1
Cau 7. Chohams6 f:R—R théamanhédiéukién: {f(x+y)=f(x)+f(y)+2xy,Vx,yeR.

fG]:@ VX #0

)
x) x*

1
i —31+1(x)
Tinhgiéihan: L=lim&——
x>0 1n(1+f(x))

L(‘ngml' Mmc

Tw: f(x+y)=f(x)+f(y)+2xy,Vx yeR
Cho x=0=f(y)= f(0)+f(y5:>f|(0) [ R
Cho x=y = f(2x)=2f(x)+2x" (2)

V6i teR,t#0 :

lﬁrl—\_\rlﬁ L OOrm

teachers

Tir (2) cho x =t = f(2t)=2f(t)+2t> (a) ;Cho x:%:f[%}z{%}% (b)

T f(lj ) x40 cho x= t:f[lj f(t);X:thfﬁlj f29) thay vao (b) taco : T _F 1
x) X ot 2t) (2t)' ¢ 8t 22

2
T (a), (c) tacé L:) _2A()+2t” 21
t

a0t ?:>Sf(t]=2f(t]+2t2 +4t> = f(t)=t* . Hay f(x)=x".

Tht lai ta thdy f(x)=x" thoaminyéu ciubai todn.

3 2
—J1+x

Licdé: L=lim& . Dit t=In(1+x?),khi x>0 thi t—>0va: 1+x*=e'.Nén:
X0 ln(1+x2)

1 _ 3/ .t t
. 2Ae'-1) - ez-Ze‘ —e3
L=limE& =lim
t—>0 t t—>0 t

t

t
Xéthamss: f(t)=e*™ —e3,tacd: f(0)=0;f'(t)=—2e'*™ —%e3 3f’(0):—§

Theo dinh nghia dao ham : f'(0)= lim =>L=—

t—>0 t 3

t4>

LfO-f(0) . e¥ _g3 7
0 t_ -
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SO’ GD&PT NGHE AN
TRUONG THPT PANG THUCHU'A
Gido vién ra dé : Pham Kim Chung

BAI KIEM TRA CHAT LO'NG POI TUYEN THAM GIA KY THI HSG TiNH
NAM HOC 2010 - 2011
(Lan thir 3)
Thoi gian lam bai : 180 phut

Cau 1. Tim m dé phuong trinh : 2+2sin2x =m(1+cosx)* ¢6 nghiém trén doan {—gg}

Cau 2 . Xac dinh tit ca cac gia tri cia tham s6 m dé hé phuwong trinh sau c¢6 nghiém :
(4x* +1)x+(y —3)y/5-2y =0
4x* +y* +243-4x =m

Cau 3. Cho cacs6 thuc dwong x,y,z . Tim gia tri nhé nhat cta :
2

2 2
vA X yo 3(xy°+yz" +zx")

. Chitng minh rang day (y,) v6iy, = i_lz
i=1 X
M2 COrm

Cau 4 .Cho day s6 (x,):

c6 gi¢i han hiru han khi'n' 3% vaim giéi handé~-= ' n
Cau 5.Cho nsdkhdéngédma,,a,,a,,.,a,_, vacotdéng a, +a,+..+a_, >0 . Chitng minh rang

phwong trinh: x"-a__ x""'-a__x"*-..—a,x—a,=0 c6 motnghiém dwong duy nhat.

n-2
Cau 6. Chirng minh rang v&i moi s6 tw nhién n ta ludn ¢4 dang thirc :

2C° +3C! +4C ..+ (n+1)C" " +(n+2)C" =(n+4)2"" (Trong d6 c* 1a t6 hop chdp
kcian).

Cau 7. Cho tirdién S.ABC, M la mot diém bAt ki nam trong t dién . Mot mit phang (P) tiy y qua M
va cat cac canh SA,SB,SC lan lwot tai A,;B,;C,. Pat V,v,,V,,V, [an lwgt la thé tich cac tk dién
V, V

SABC,SMBC,SMCA,SMAB . Chirng minh r??mg: V=L+—B —£
SA, SB, SC

1 1

Cau 8. Cho hinh h6p chir nhit ABCD.A'B'C'D', dwong chéo AC'=a( a khéng d6i) hop véi day
ABCD mét géc o va hop véi matbén BCC'B° mét goc B. Tinh thé tich V ctia hinh hop
ABCD.A'B'C'D' theo a,a,p . Khi t gidc A'D'CB 1a hinh vudng, hdy xac dinh o, p dé€ V dat gia tri lon
nhit.

Hét

Thanh Chwong ,ngay 16 thdng 12 ndm 2010
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HUO'NG DAN GIAI VA PAP SO

)

N a

Ciu 1. Tim m dé phwong trinh : 2+ 2sin2x =m(1+cosx)’ c6 nghiém trén daan {—

N3
| |

Lovi gidi :

R4 rang véi X€|:—g;g:| thi 1+cosx#0 .Dodd

i X
phuong tinh da cho twong dwong wi : ﬂmz};:m .bat t=tan—, Xe —E;E :te[—l;l]
(1+cosx) 2 2 4 4
P 1-t
. 2 2 252 _ 42 4 _ 3 2
Tacéo: (21+251n2))§: 1t 1J;t :2(1+t) -‘:8t(1 ‘ )=t 4 +§t +4t+1.Suyra phuwong tinh da cho try
+cosx _¢2
1+t

thanh: t*—4t>+2t* +4t+1=2m (*). Do d6 bai toan tré thanh tim m dé phwong trinh (*) c6 nghiém t e[—l;l] .
Xéthams: f(t)=t'—4t + 2t +4t+1, te[-1;1] . Tacé:

f'(t)=4t —12t> + 4t +4=4(t - 1)(t* -2t -1)=f'(t)=0= t=1-v2 (V6i te[-1;1]). Tir d6 ta c6 bang bién thién :
t=1
= | 1 -2 1
£ | S 0 + 0
4
fx)
0

Nhin vao bang bién thién ta thdy, phwong trinh (*) c6 nghiém te(-1;1)khivachikhi: 0<2m<4 hay 0<m<2.

(4x* +1)x+(y —3)y/5-2y =0

4x* +y* +243-4x=m

Ciu 2 . X4c dinh tit ca cac gid tri cia tham s6 m d& hé phwong trinh sau cé nghiém : {

=
IA
Nju AW

Hwéng dan giai: DK:

IA

y

Tirpt (1) cho ta: [(2x)? +1].2x = [(,/S—Zy )z + 1}/5—2y = f(2x) = f(y/5-2y)

XétHam sd : f(t)=(t* +1).t = f'(t)=3t +1>0= Ham sd f(t) ddng bién trén R, do do tir:

x>0

f(2x)zf(~/5—2y):> 2x=\/5—2y3{ x=0 = y:5_4x2

4x* =5-2y
2
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w

Thé vao pt(2) tacd : 4x2+(5%j +2V3-4x =m < 4x* —6x° + 2 +2\/3 4x=m (¥) ,véi 0<x<— .Bai

.p

toan try thanh, im m d&€ phwong trinh (*) c6 nghiém X€|:0;%:| .
At ~ 4 2, 25 3 p
Xéthamsd: f(x)=4x"-6x +T+2\/3—4x, X€E O;Z .Taco:

F(x) = 16x' 12—~ = 4x{4x’ ~3)~——— <0, vXe[oE]

3-4x V3—-4x

Do d6 yéu ciu bai toan twong duwong véi : 26645 f( 3) Minf(x) <m < Maxf(x) = f(O) = 275+ 243

Yol

(Chi y : Tham khdo thém & Céu 41. Phdn [ )

Cau 3. Cho cac s6 thyc dwongx,y,z . Tim gia tri nhd nhit cda :
2 2 2
13
b Xy ¥z 7x xyz

3 3 3

z X y?  3(xy?+yz® +zx%)

HD : Xem & gidi & : Cau 34 . Phan III

1

Cau 4 . Cho day so (x,): . Chitng minh rang day (y ) véi y, = Z— c6 gidi han hiru
T X
E@fﬁ—v_\ﬂ M .c.oorm 1

AT1CS T "sachers

han khi n —> oo vatim giéi hdhds'”

HD: Xem loi gidi & : Ciu 20.Phén IV

Cau 5. Cho ns6 khéngam a ,a,,a,,.,a,, vacétong a +a, +..+a, , >0 . Chitng minh rang phwong trinh :

n n-1 n-2 _ 7 A A ~,
x"—a _,x"" —a ,x""—.-ax—-a, =0 co mdtnghiém dwongduy nhat.

x"?—.—ax-a,=0ca_x""+a_

Nrosza : 2, 1 n-1 n-2 _oh
Loigiai: Khi x>0,tac6:PT: x"-a_,x" -a_, . Ny 0 o X' T+t+ax+a, =X

a a a, a s a a a, a, .. , .
oty 2g 4+ —L+0=1.Xéthamsd: f(x)=—"1+-"2+. +—+—2, trénkhodng (0;+c0),taco:
X X X X X X X X
: n1 B khéng dong thei bing 0
Fg=-Tut Pz 1, 0a,, khong ddng thi bing 0 )
X
Tir d6 ta c6 bang bién thién :
BE 0 oo
6o | -
Fze) i
{
|
0

Nhin vao bang bién thién ta thiy, phwong trinh : f(x)=m ludn cé 1 nghiém dwong duy nhitkhi m >0. Do d6
phuwong tinh f(x) = 1 ¢c6 mdt nghiém dwong duy nhit.
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Cau 6 . Chirng minh ring véi moi s6 tw nhién n taludn cé ddng thirc :
2C° +3C! +4C..+(n+1)C"" +(n+2)C" =(n+4)2"" (Trong d6 C lat6 hopchapkcian)

Lovi gidi :

Khai trién: (1+x)" =C) +Cix+C2x* +..+C'x" = x*(1+x)" =C2x* +C}x* + Cx* +..+C)x"? (1)
Ldy dao ham 2 v& ctia (1) taduwoc: 2x(1+x)" +nx’(1+x)"" =2xC) +3x°C +..+(n+2)x"'C"  (2)
Tir dang thirc (2), chox=1,tacé: (n+4)2"" =2C’ +3C} +4C’..+(n+1)C"" +(n+2)C" (dpcm)

Cau 7 . Cho tr dién S.ABC M la mot diém bAtki ndm trong tir dién. Mot mat phang (P) tlly y qua M va cat cac canh SA,

SB, SClanlwottai A,;B,;C,.Pat V,V,,V,, V. lanlwgtlathé tich cac tir dién SABC,SMBC,SMCA,SMAB . Chirng minh

rang : V:% A+£V Sy

. SB, ° sc, ©
Lovi gidi :
Goi S, =SM N (ABC) . Theo cdng thirc tinh ty s6 thé tich ta c6
S
T_ VSABM :%S_BS_M:S_M VSABM SA SB SM VSAlBlM :& SBl: :&Siv (1)
' Viuss, SA SB'SS, SS,’ VSAle " SASB'SS, vSABM SA SB = MBM gASBTC
|
\ . SB, SC SA, SC
o THOmENTaCt: Voo =gpse Ve @ Vaew =gy 5o Ve ()
e .. VSAIB]C] SA, SB, SC,
\ R e Laic6o: ————=
= : N Vype SA SBSC
T (e (R AL Tu‘(l[] )(3)taco
\ Ay Vi oo = V (:S?é\'l 3] SA, SC, ., . SB, SC,
I N snne ~ s sweons " Yonc = g rigp Ve 5a s Vo s se W
B T (4), (5) suyra:
By
SA, SB, SC, |, SA, SB, |, SA, SC, ,  SB, SC, , _ ., _SC v+ SA,  SB dpem
: SA "SB ' SC SA'SB ¢ sA'sc " sB'sc SC, sA, " sB, "’
B

Ciu 8. Cho hinh hdp chir nhdt ABCD.A'B'C'D'duwdngchéo AC'=a (akhdéng di) hop véi ddy ABCD mot goc o va
hop véi matbén BCC'B’ mot goc B. Tinh thé tich V ctia hinh hdp ABCD.A'B'C'D' theo a,o,f . Khi tr gidc A'D'CB la
hinh vuéng hdy xacdinh o, B d€V dat gia tri 1én nhit.

{

NP ' n
Loi giai : A 2

! = ' Ta c6 : Hinh chiéu ciia AC' 1én mp(ABCD) 13 AC, 1én
mp(BCC'B") 1aBC do d6 : CAC=o; ACB=p.

B-"' | Xét cac tam gidc vudng: CAC' va BAC taco :

" CC'= AC'sina =a.sino ; AB=AC'.sinf =asinf;

97 S SRR __igeD BC':AC'.COSB:a.cosB:BC:\/C'B2 -c'c? :a\/coszﬁ—sinzoc
Do vay :

V,sooancy =C CCB.BA =a’sina.sinBy/cos’ B —sin’ o (dvtt)

Tt gidc A’'D’CB 1a hinh vuéngkhi : A’'B=A'D

%
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SANAB*+A'A* =A'D' = \/sin2 o +sin’p = \/coszﬁ —sin® o < 2sin®o = cos’B—sin’ B (1)

Twdotaco:

212 202 3
sepamey =8 sino.sinfa/cos’p —sin‘a =a’., /Lzmﬁ.\/sinz B.\/(l —sin’ [3) —@ = a?\/sin2 B.(1-2sin’B) (*)

v
) 2sin?p.(1 - 2sin’
Ap dung BDT AM-GM ta c6 : \/sinzﬁ.(l—ZSinZB):\/ sin'p(1-2sin’p) _ 1 [2sin25+(1—251n25)]=i.
V2 22 22
D4u “=" x4y ra @sin[}:%:[}=30°.
3
Vay: V, =—— < oa=F=30".
g Max 4\/5

rmaie— v i1 C.OoOorm

mathematics 4 teachers n
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